


CONTENTS 


Chapter 


1.Introduction to Analysis of Structures 
1.1 Structures and Their Development 
1.2 Types of Structures 
1.3. Purpose of Analysis 
1.4 Linearity and Non Linearity 
1.5. Method of Structural Analysis 


2 Deflecison of Beams 
2.1 Introduction 
2.2. Deflections, Slope and Curvature of a Beam 
2.3. Relation between Slope, Deflection and Curvature 
2.4 Slope and Deflection Computations 
2.5 Double Integration Method 
2.6 Macaulay's Metpod 
2.7 Moment Area Method 
2.8 Conjugate Beam Method 
2.9 Exercises 





3. Strain Energy Method 
3.1 Strain Energy and Complementary Strain Energy 
3.2. Strain Energy due to Axial Stress 
3.3. Strain Energy due to Bending 
3.4. Strain Energy due to Shear 
3.5. Strain Energy due to Torsion 
3.6 Work and Complementary Work 
3.7 Deflection by Method of eal Work 
3.8 Deflection by Strain Energy Method 
3.9 Impact Loads 
3.10 Exercises 


4 Virtual Work Method 
4.1 Work and Complementary Work 
4:2. Deflection by Method of Real Work 
43. Principle of Virtual Work 
4.4. Application of Virtual Work 
4.5 Deflection of Trusses 
4.6 Exercises 









135 — 187 
i 135 
ion 
32 ness Line Diagrams for Simple Cases 136 
$3. Use of Influence Line Diagram ae 
$4 Influence Line Diagrams for Cantilever beams 142 
$5. Influence Line Diagrams for Overhanging beam 143 
3 Uniformly Distributed Load Longer than the Span - +» 146 
3:7. Uniformly Distributed Load Shorter than Span 147 
58 Concept of Absolute Maximum Values 150 
5.9. Several Point Loads 152 
5.10 ILD for Girders Supporting Floor beams _ 158 
5.11 Influence Lines for Plane Trusses i 162 
5.12 Exercise os 187 
187 
6.Framesand Arches. 189 — 231 
bi 6.1 Thrust, BM and SF in Frames 189 
6.2 Three Hinged Arch 199 
63. Line of Thrust 200 
{ 6.4 Three Hinged Circular Arch ’ 201 
} 65. Three Hinged Parabolic Arch 201 
; 66 Analysis of Three-Hinge Arch wae 202 
} 6.7 Three Hinged Parabolic Arch Supported at Diff. Levels... _ 222 
68 Influence Lines Diagram for Three-Hinged Arches ee 2) 
6.9 Exercise aoe 230 
7. Suspension Cable System 233 — 280 
7.1 Elements of Suspension Bridge a) 
72. Cables 235 
| 7.3. Equation of a Cable 236 
7.4. Equilibrium of Cable 237 
7.5. Cable Subjected to Concentrated Loads 238 
7.6 Length of Cable 248 
7.7 Suspension Bridge with Three-Hinged Stiffening Girder 258. 
7.8 BM and SF in Three-Hinged Stiffening Girder 259 
7.9. Influence Lines Three Hinged Stiffening Girders 2 
7.10 Exercise 280 
8. Space Trusses 233 — 280 
8.1 Introduction 281 
8.2. Types of Supports 282 
8.3 Analysis of Space Trusses 282 
84 Exercises os 286 
9. Questions 287 























BM 
C.G 





SYMBOL AND NOTATIONS 


Area 

Bending moment 

Integration constants 

Difference between height of supports 
differential area 

Differential volume 





Modulus of Elasticity 
Equation 
Shear force. Radial shear 
Force in member AB 
Unit virtual force 
Sum of forces in x direction 

Sum of forces in y direction 
Modulus of rigidity, Centre of gravity 
Height, Crown height of an arch 
Moment of inertia 

Polar moment of inertia 

Constant depending on the shape of asection 
Sum of moments 

Absolute moment 

Unit virtual moment 

Moment at z 

Normal thrust 

Point load 

Radial shear 

Reaction at 4 





Leng! 
Shear force . 
Thickness 

Tangent, Torque 

Maximum thrust 

Strain energy, Ultimate point 
Strain energy density 
Vertical shear force 
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Distance from support to a section considered 


Distance from support to a load, deflection 
Deflection at 

Posi of unit load from left support 
Deflection 

Static deflection 

Dynamic deflection 

Strain 

Shear strain 

Slope 

Slope at 4 

Slope at B 

Density of material 

Stress 
Shear stress 
Uniforml; ributed load 

Angle made by tangent with x axis 
Span 









Hinged support 
Roller support 

Fixed support 

Reaction forces at support, applied load 
Reaction moment at support, applied moment 
Internal forces developed, rolling load 


Internal moment developed 
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INTRODUCTION TO ANALYSIS OF STRUCTURES 


1.1 STRUCTURE AND ITS DEVELOPMENT 
A structure is a body made up of an assemblage of members like bars, plates, 
walls etc. connected together such that they can resist the applied load 
without appreciable deformation. Structures are created to serve some 
specific functions like human habitation, bridges, warehouses etc. The caves 
and hollow tree are probably the first structures when early humans lived in. 
But often these natural shelters were not properly situated with respect to the 
source of food and water. So, these early people started to build their first 
structures near the places where these sources of food and water were nearby. 


In ancient and medieval periods, due to unavailability of proper mathematical 
and scientific knowledge, the method of construction of structures existed 
just as an art. Later on with the development of fundamentals of mechanics, it 


took the form of structural engineering. 


Structural Engineering or Theory of Structures is one of the most important 
subjects of Civil Engineering. It deals with the principles and methods by 
which the internal forces (Axial force, Shear force, Bending moment etc.) and 
their effect (Deflection) developed due to the application of external force/s 
in any constituent members of a structure may be calculated. The 
determination of these internal forces is necessary for designing Structures. 


1.2 TYPES OF STRUCTURES me 
Broadly, structures can be classified according to the nature of their internal 
forces, material being used and the method of analysis employed. As per the 
nature of internal forces, structures can be classified as uniform stress and 
varying stress form. In the former, every element of the structure is subjected 
to a uniform stress. Thus if the stress ata point of the structure becomes 
critical, the stress in all parts of the structure will also be critical. In the latter, 
non-uniform stress distribution occurs. As a result even if the stresses at 
certain points of the structure approach the critical value, the stress in the 
other parts of the structure may still be much below the critical value. It is 

‘kes more efficient use of material. 


obvious that the uniform stress form mal 
forms are beams and slabs whereas those of 


The le of varying stress i 
ene a arches, shells and truss structures. 


uniform stress form are cables, 
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member is supported and loaded laterally as shown in 
Relitay i isaecst to shear and bending and is called a beam. vee 
the condition, the shear and bending stresses vary from point to pot along 
the length. If a plate is supported and loaded lateral Senet oe 
subjected to shear, bending and twisting and is called a slab. (Fig. 1.2-b). e 
forces vary along the length and width of the slab. These varying stress 
structural forms are used in construction of building and bridges. Although 
full materials are not used in this type of structural forms, they are often 
adopted due to functional and economical reasons. 


-—_, <i," 


(a) Beam (b) Slab 











Fig. 1.1 
Le 


Flexible structural forms can not resist compression, shear and bending. Only 
reaction forces are developed under the application of load. While a 
cable is loaded with uniformly distributed load along the span, it takes the 
shape of a parabola Fig. (1.2). Since the slope of such cable varies and the 
horizontal’ component of the tension in the cable remain constant along its 


length, the tensile force along the cable varies from point to point along its 
length. 


ly Se aes 


Fig. 1.2 








An arch by its form is similar to an inverted cable. It is not a flexible structure 
as the cable is, and hence posses flexural strength. It essentially resists the 
external load by developing a uniform stress condition across. its sections. A 
three-hinged arch loaded with uniformly distributed load along its span is an 
example in which a perfect axial force is developed Fig. (1.3). For any other 


type of loading, shear and bending as well as thrust exist at a section normal 
to the axis of the arch. 


MITT 












Fig. 1.3 
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ffness and strength. 


compressive stress rather than tensile 





Fig. 1.4 


Structures can also be classified accordin; to the materi i 

number of structures come under this clessitcaiion engi eal 
Masonry, Wooden and Plastic structures, ikewise structures can be 
distinguished according to the method of analysis. Structures whose unknown 
reaction forces can be determined by using three equilibrium equations only, 
they are called determinate structures otherwise they are called indeterminate 


(b) represents determinate and indeterminate 
structures respectively. 








& D 
(a) Determinate structure r (b) Indeterminate structure BD 


Fig. 1.5 


1.3 PURPOSE OF ANALYSIS 

Broadly speaking, the process of design of a structure consists of two stages. 
The first stage deals with the determination of forces at any section of a 
structure. The second stage is the selection and design of suitable section to 
resist the load that comes over the structure in its life period. The first stage is 
called the analysis and the second stage is called the actual design. Thus 


structural analysis is the first step, which is necessary for designing a 
structure. 


Analysis of a structure specifically means the determination of stress 
Tesultants (Reaction forces, Bending moment, Shear force etc.) at every 
section. The calculation of these reaction, shear and moment and stresses 1s 


3 
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The force method consists of writi 
4 writing i . 
Force d f writing equations that ae 
rio as ng is i np 
S 2 wns. Once the redundant fore and involve redundant 
remaining forces are determined with the 5 have been determined, the 
equations. lp of the three equilibrium 


:° ‘ah important step in the design. Engineers use the fundamental principles of 
~ ‘structural analysis to determine such forces. 


1.4 LINEARITY AND NON LINEARITY 
When stress and strain relationship for a structure or a component of a 


structure obeys Hook's law, the structure is called linearly elastic structure. 
The behavior of such a structure is simple for analysis and it is assumed that 
when a section of a structure attends its yield stress, the structure fails. But 
actually, the structure does not fail at that stress level. In other words, if yield 
point is attained at a single point, it does not mean the collapse of the 
member. Due to plastic deformations and strain hardening of the material, the 
particles, which are less stressed, will be brought into action so that the 
structure actually is able to resist greater loads. In modern designs, the above 
principle is introduced and the method of design by this principle is called 
plastic design or non- linear design. Non- linear analysis is necessary to 
proceed to such non- linear design. It is also more complicated than the 
design but is economical as the reserve strength beyond the elastic limit is 
ed. 


Displacement method on the 3 

displacement relation first and mate Consists Of writing force 
the structure. In this case, the unknowns in pose brium requirements for 
Once th displacements are obtained, the fovea ae Ge are displacements. 
compatibility and force displacement equations, termined from the 























The linear and non-linear stress strain curve for mild steel is shown in Fig. 
(1.6). 


Oy 


Yield 
Fracture 


Fig. 1.6 


1.5 METHOD OF STRUCTURAL ANALYSIS 
Bs eae earli ; structural analysis deals with the principles and method by 
seh id oa Bree, shear and bending moment at any section of the 
Has enh pe under the given condition of loading. Because the 
eee Ba structural member may usually be assumed to lie in ‘the 
Barge ‘a Seay fundamental structural analysis involves’ 
eaves ER, san ae oh eran for a general coplanar force 








é 

ee the above three equilibrium equations: 
ictent. of analysis are i 

case namely: Force method and Dips HS iaed int eieoni! 
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DEFLECTION OF BEAMS 
2.1 INTRODUCTION - 
Whenever a beam is loaded, it deflects from its initial positi i 
N , Position. The deflecti 
disappears when the load is removed provided that the elastic limit of the 
material is not exceeded. Deflection in 


reasons such as change in temperature, lack of fit of members, creep, 
settlement of supports etc. 





The computation of deflection is Necessary for many reasons. A beam 
designed primarily for strength should also fulfill stiffness criteria. It means 
that in addition to the strength, the beam should be stiff enough not to deflect 
more than the given limit under the load. Deflection computation is thus 
needed for a designer to check whether the beam has exceeded the deflection 


limit. Moreover, the computation of deflection is also Tequired for analyzing 
statically indeterminate structures. 


2.2 DEFLECTION, SLOPE AND CURVATURE OF A BEAM 
When a load is applied on a beam, its neutral axis bends into a curved line 
from its original position. The vertical ordinate between the curve and the 
initial neutral axis gives the deflection of the beam at the section. In the Fig. 
(2.1), y is the deflection. 


Slope of a beam at a point is an angle made by a tangent to the referece axis 
at that point. @, and 5 represent the slopes at A and B respectively. The 
distance OC is the radius of curvature R and the inverse of it is called the 
curvature. The deflection, slope and curvature are shown in the figures given 














Deflection of Beams 
FLECTION AND CURVATURE 

‘a bent beam of length ds which 
y) and(x+ dz, y+dy) are the 
e tangents at m and nr which 


2.3 RELATION BETWEEN SLOPE, DE! 
Refering Fig. (2.2), let ma be a segment of 
subtends an angle dy at the centre C. Let (z, 
coordinates of m and a and 7; and 7; are the ta 
subtends angles y and w + dy respectively at x axis. 
From the geometry, we have, 
Zmen = dy and ds= Rady «. 
Now, 





ee 4 )) 








Differentiating, 
avy 


sec” ydy=—2. de 
* dz? 
e 
or, stan yydy= £2. ae 
dy) L 
or, y14{2) lay 2 
| (z) ard 
# 
ee 
dy= 





4(2) 
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Substitute the value of dy and ds in Eq. (2.1) we get, 

1 dy 
277 R— dr 
ad (2) apt 
dr “ay 
4(£ 
dr 
dy 
a 2, 
27172 
(2) 
dx 
gy. 2 
As a is small, (2) zl 
1_d?y 
Ra: 

Also, we have, ; 
M_E YM - i 
SS ee 
Te, Sar 
M_dty q 
El dz? 

d?y 
or, He ari er fey ee emer A Coe a a (2.2) 
Integrating, 
yy ea 
aL fu {reese bate ee He) 
Bly = [fot Aiea fen LN (2.4) 


Eq.(2.2) is called moment curvature relationship. If M is the moment.at a Be 
section, the curvature at the section is dy/dz. The quantity EY is referred to as 
flexural rigidity. Thus integration of Eq. (2.2) leads to {Eq. (2.3)} which can 
be used to find slope of a beam. If the slope equation is integrated again, we 
get deflection of the beam as given by Eq. (2.4). 





Sign Convention: The following sign convention will be used to solve the 
Problems related to deflection. - 

= zis positive when measured towards right. 

" _yis positive when measured upwards. 

= M (bendng moment) is positive when sagging. 

*  @(slope) is positive when the rotation is anticlockwise. 
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in 


TIONS 


methods to compute 
There are nares pets wil be discussed her. 
Double integration method 
Macaulay's method 
Moment area method 
‘Conjugate beam meth 
Virtual work method (Unit load method) 





§ DOUBLE INTEGRATION METHOD 





‘expressions for slope ant 
© the related numericals are presented later. 


a) Cantilever with a point load at the free end 






“Egpanilever beam. 





Bending moment at the section z is 
My=—Wr (-ve sign due to hogging moment) 





i or, Ht we 
a 
Integrating, 
dy We 
a, | a eee oe y 
‘ee (2.5) 


(C, is integration constant) 
Applying the boundary condition, 
3 Oatr=e 
= =, 
we get, 
we ei 
0-40, or = 
Substituting the value ’of C, in Eg. (2.5), 
ey ie 4 we 
dr 


2.4 SLOPE AND DEFLECTION COMPUTA’ deflections of a beam. However, 


“Yn this method. the moment curvature relationship Eq. (2.2) is integrated for 
finding slope and deflection at a point of any beam. In this section, the 
d deflections for simple beams are derived first and 


ering Fig. (2.3), consider a section at a distance x from the free end of the 





Deflection of Beams 
This is the equation to find slope of the beam at 
slope in the beam occurs at the free 
B, then, 


any point. The maximum 
end B where x=0. If 8, is the slope at 
C7 wer 
EI= =0+—— | 
aa O+ 2 \ 
We 
510, = \ 
we? 
2+ Oy =O pax =—— radi 
BaBeems Fading) os nc ah A (2.7) 
Integrating Eq. (76) once again, 
We? Wx 
6 2 
(Q is integration constant) 





+, .. 





We Wee we 
ana a iar me +C, or, C, eras 
Substituting the value of C; in Eq. (2.8), 
3 2 3 
gy =e Wee We 
6 2 3 





F \ 

This is the equation to find deflection at any point of the . Maximum 
deflection in the beam occurs at the free end B where z=). If Ye is the 
deflection at B, then 


we 
Ss as 
we 
or, a sh she Fre once sean cnc snsacsancecumsassenen Qe 
Sf ay ¢ 
(— ve sign shows the deflections in the downward di ) 


b) Cantilever with a point load not at the free end 
Refering Fig. (2.4), consider a section at a distance z from the He end B, 

















while the portion CB 


i bend into AC 
once a cantilever of length AC 
and deflection will be same as of the 


II be found out by considering 






; problem. Once Ye is determined, yo 
As from the previous section, 





2 
Oia (From Eq. 2.7) 
2EF ae 
Since the portion CB of the cantilever is straight, 
6, =98 Mi and 
ey I 
lwey 
Ye SET ; 
From the geometry of the diagram (Fig 2.4) 
wed We ‘a 
ram vet Ol) = ger t ag E-8) (2.10) 








c) Cantilever with several point loads 

When the numbers of forces are acting slope and deflections at the sections of 
the beam are calculated as a sum of slope and deflections due to each of the 
forces acting. These fare then superimposed as shown in the Fig. (2.5). ‘ 





Ws We We Wi 


| Jl, Jig.) : 





ws 





4) Cantilever with a uniformly di: 
u ly distributed load 
Refering Fig. (2.65), consider a section at 2- from the free end B. 
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dy wz? 
by pe Se ecg 
or, 7 e 
Integrating, 


3 





seetee(211) 
(C is the constant of integration) 


Applying the boundary condition, #9 atz=el 








Substituting this in Eq, (2.11) 
ey ae wl 
de 





+ 
6 6 


This is the equation used to find slope at any section of the beam. The 
maximum slope in the beam occurs at the free end B when z=0.If 0, is the 
slope at B, then { 


3: 
EIQ, = radians 


Integrating Eq. (2.12), agian 








(2.13) 








wt = adage We oheopine Conk), 


_ (Gis integration constant) 
Applying boundary condition, y= 0 at r=f 
—wt* | wht -wt* 
pasa papel ll 
; Merce en 
Substituting the value of CG, in Eq, (2.14) 


O= 








estes (QMS) 





This is the equation used to find deflection at any.séction of the beam: The 
Maximum deflection in the beam occurs at free end where  =0 


% 4 
Ely, == 7 
Maximum deflection is given by 








ve sign indicate that the deflection is downward) 










lied at the free end 
istance x from 


" i with a moment app! the free end B. 


Fig (2.7) consider a section at a dis 


Fig. 2.7 
= We have, 
fi M,=-M 
f a’y 
. , got =-M 
i { or, = 
i i Integrating, 





(C; is constant of integration) 
d 
Applying boundary condition, a =Oatz=f 
or, O=-Me+C, or, C,=Me 
Substituting the value of C; in Eq. (2.17) 


pt = -Me+ ME... 
dr 





s- This is the equation to find slope of the beam at any point. The maximum 
slope in the beam occurs at its free end B where z=0. If 65 is the slope at B 
then Eq. (2.18) gives, 











EIQ, = ME 
OF, Oy =P wie (2.19) 
Integrating Eq. (2.18) again, i 
_— Mz? 
BL y 2S 4 MEH) sssuserssssscnssssvcnenstsececgee (220) 
Applying boundary condition, y = 0, atr=e 
un 
O= < $Me +0, 
o, ¢, =e 
2 


Substituting the value of C) in Eq. (2.20) 


4 
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—Mz? 2 
ss + ote Me 
2 2 





ELy = (2.21) 





This is the equation to find deflection of the beam at any point of the beam. 
Maximum deflection in the beam occurs at the free end B where x=0. If yg 








js the deflection at B, then, * 
—Me 
LY 5 = 
EL-yp 2 
_-Me 
1s" oM * 





f) Cantilever with a gradually varying load 
Refering Fig. (2.5.6), consider a section at x distance from the free end, 





(C, is integration constant) 
Applying boundary condition, = =Oatral 
=wt* 
24 
wl? an 
G= a substituting this in Eq. (2.23), 


or, O= 





+C, 


ots (2.24) 











dz 24@ 


This is the equation for maximum slope that occurs at = 0 substituting this, 


1s 











85 











“RAEI ; 
Integrating the Eq. (2.24) once again, 
ELy= _ue we +#C, (Gris integration constant) 
F T7208" 24 

. Applying boundary condition, y=0 at r=¢ 
: 4 
: wt wtt _ nwt 
% =-——+——+C,, of C= 
: 9=~T59 og a= 30 

Fd ae ee (2.26) 


Pe This is the equation for deflection. Maximum deflection occurs at r=0, 
Ue substituting this value. 


4 -wt*- 
or, Ely, = 





30 





Example # 2.1 Find the maximum slope and deflection of the cantilever 
beam loaded as shown in Fig. (2.9) where AB=CB =1 m. Use the integration 


method. Take E=2%10° N/mm?, I =1,5x10° mm‘. 
Hh 30 kN 20 KN 


+#— 2m 4 
Fig. 2.9 





point 'B. This problem can be 
represented as, ‘ 


30KN 20 kN 














20 kN 30%KN 
gach ida a Gere 
+ a 
Fig. 2.10 ‘ 
we Wer 
9 —— 0, - 2 
a; ae oT 
we 3 
ype ie oy 
3EI 3EI 
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We pyr : 
o-( 1 me). 20% 1000x2009? : 
2x2 105 X1.5x]08 


23x2x105 x15x108 


301000 x 1000? } 
= 0.0018 rad. Ang 


Similarly, deflection at the free end is obtained ag 
WO) |W? wie? 
= + 25) tg. 
Ye 4 3H” Qe 2) 


__{ 20*1000x 2000? | .30%1000x 10007 
3x2x10° x1.5x108 














32x10 15x10" DedeIOFaISeigr OM) 


=2.61 mm Ans, 


Example # 2.2 A cantilever beam of 2.5 mi Span and 120 mm x200.mm (bxd) 
in section is loaded with uniformly distributed load of 165 N/m through its 
length. Find the maximum deflection, Taking £=2x10° N/mm? if the 
maximum deflection is to be limited to 8 mm what would be the permissible 
load on the beam? 


Sol". Given that, 
w=16.5 kN/m=16500 N/m 





l=2.5m z 
E=2x10° N/mm? = 2105x107 =2x10'! N/m 
3 3 
Now, 7 = 24° _ 0120.2 _ 8x10°m 
12 12 
Maximum deflection would occur at the free end and it is given by 
pas wet 
"BEI 
4 
—___16500x2.5 =0.005m 
8x2x10''x8x10% 
=5 mm Ans, 
Ifthe allowable deflection is 8 mm=0.008 Ms 


Then, 











: i 
0.008 = 3x10" x8x10™ 


w=26.21 KN/m ADS. 
f rectangular section 100 mm wide 


distributed load of 5 kN/m for a 
flection at the free end B. Take 


cantilever 2 m long is 0 
It carries a uniformly 
fixed end, find the de! 


Example # 2.3 A 
band 200 mm deep. 
Tength of 1.5 m from the 


E=10GN/m 


Sol". . 
We have 9", = BB'+B'B"= 0C'+B'B" 
(C'=Deflection due to udl for fully loaded span of 1.5 m. 


2m ———_—_—_41 





e 


m | Oc. (£-0) 
}/-— . ——1es B" | 
4 Fig. 2.11 
SET 
B'B"=@c(£-a) 
7 05=8c) 
3 
wa 
=e 
oo 
Now, 
¢=2m 
6 =100mm = 0.1m 
d = 200mm =0.2 m 
_bd* _ 0.1x0.2° 


[=—=——_ = 6 4 
D2 D 66.66 x 10° m 


w =5 kN/m, E =10 GN/m? 
4 3 3 
fg (ees 
EI 


10x10? x66.66x10"\ 8 6 3) 


=6.86 mm Ans. 
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Example # 2.4 A cantilever, 2 m long is of rectan, i 

ver, c gular section 100 ide 
and ee deep. It carries a uniformly distributed load of 5 Nim for a 
length of 1.5 m from the fixed end; find the deflection at the fixed end. Take 


E =10 CN/m* 
n 5kNim 2 
15m ——+h—05m—y 


Fig. 2.12 


Sol". This beam can be treated as a sum of the loading shown below 


‘GAA Titis 
J} 1.5 m ——4e0.5 m— 


Fig. 2.13 


Deflection at B =— deflection due to downward loading + deflection due to 
upward loading (— ve sign for downward) 
4 4 3 
wt wa +22 (¢-a) 
8EI | 8EI 6EI ‘ 
5x1000x2* 


= 2100? ___ 4.6.86 mm(example2. 
BxlOx10"x66.66x107 * oem ramp?) 





=-15 mm-+6.86 mm 
=-8.14 mm Ans, 


8) Simply supported beams with a point load at the centre 





Let a simply supported beam of span ¢ is carrying a central load of Since 
the load is symmetrically applied, maximum. deflection (Ynaz) Will occur at 
the mid span and each vertical reaction will be equal to 17/2. : 
Consider the right half of the span, then, : 

19. 





a pam teee ee) 








Te 
(Cis integration constant) 
£ 
4 20, a 2=5 
or, 
«- (2.29) 
(Equation for slope) 
a) Slope at A 


we 
Put r=0in Eq. (2.29), then 0,= =-—— = 9, (by symmetry) 
Integrating the Eq. (2.29) again, 
3 2 
We Wez a6; 
12 16 
at 2=0,y=0,C,=0 
we, We? 
EY or 16 
(Equation for deflection) 








ELy= 


b) Deflection at Cc 
Put x =a in Eq, (2.30), then 
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h) Simply supported beam carrying udl overal whole span 
. w kN/m 





Fig. 2.15 


Let a simply supported beam of span is carrying a uniformly distributed 
Joad w over the entire span. The maximum deflection ( ymax) will occur at mid 
span and each vertical reaction will be equal to w.¢/2. 


Consider a section at a distance x from B 


we we 
M. =—2-— 
eee 
2 2 
or, Eee 
ae Se 
Integrating, 
dy wl? wt? a 
BS a4, RAC TO RACN OS bs ae 2.32) 


(C; is constant of integration) 


As the load is symmetrical, the maximum deflection occurs at the mid span 
when slope is equal to zero {tangent at C’ will be horizontal) 





Le. Weg: put 
dz 2 
: “yz 3 
a, ont(e) eft) +6 
4\2 62. 
saga 
gs , 
24 
Now, subtituting value of C, in Eq. (2.32), we get 
dy why wee assentettesteene 233) 
(Equation for slope) 
a) Slope at A 
we? 


Put z= 0, in the above equation, then EI8, a 











‘Défeston of Beams 


Slope at B, i 
8, = +1.43 = 0, (due to load being symmetrical): 








b) Central deflection 
ees WE 50x1000x5° 
eae 
4851 48x200x10° x156xi0* oe 
=41.7mm(U) 


2.6 MACAULAY'S METHOD 

In integration method, we usually write an expression {c i . 
beam and substitute’ it in the moment curvature St reali 
Problem arises when beam carries a number of loads such that there are 
different segments and each segment has to be integrated separately. To avoid 
this problem, Macaulay's method canbe used. By this method, itis possible’ 
to write-only one expression; which is valid for the entire length of the beam. 
When this expression is integrated, only one constant of integration appears. 
Thus in certain types of problems, use of this method is very helpful. The 
method is described below. : 





Of, Yeux = 





Wo Ws 





i ed beam of span 5m SUppOTS & DORK 
Example # 2.5 A pou ate slope at ends and the central 


of 50 KN at its mid span. Cal 5 
‘Assume E = 200 GN/m Le =15.6x10% m 


Rul ae 
Fig. 2.17 
Let AB be a beam of span ¢ loaded with and Wat distances a and 6 from B 


Tespectively 


Re 


Sol’. 
£=5m 
Ww =50 kN 
Igy = 15.6%10° m' 
E =200x10° Nim? 


a) Slope’at the ends 


For any section x between D and 8, 


My = Rg an (2.38) 








Similarly for any section z between Cand D, 
~ Mz = Rpz—Me-a) 


and for any section between Aand C, 
M, =Rgz—-W@- a) a (e- 








we 
ja ae 
“ae Thus for any section of the ‘beam, all the above three equations can be 
ae 50x 1000x 5? combined as . Pere [ e Ri at 
16%200x10 x15.6x107 M, = 5 Es args} Wie | HEP: 
=~0.025 radians : 
=-0.025 180 


9 
=-1,43° 











‘gach-arway that for the value of x between term of the above equation i 














@ z=0 and x=, only the first 
considered z 
z a4 and.z=6, only the first fo terms are considered. 
) r=band z= oy he terms are vonsideres 
‘Now, the Eq. (2.41)i integrated for slope and deflections as shown below. : 
ds Pad W,(e-a) Wye) (for slope) --+--++ (2-42) Now, we know at x =0, y =0 and substitut : ; 
a= mad |= i ; ae ( ps ae we get G = 0 substituting these in Eq. (2.48) 
: : 
3 A (e-a)" W, & -b) deflectiony” Also, when x= £, y=0 substituting these, : ; a ( 
myeneatortt| “go 2 a es get hese, along with =0 in Eq, (248) we 
Pe ape IEN: 
In the above integration procedure, the following po! tots ‘J 
(i) The expressions (x — a) and («—- 6) are in - i 
(e-a) Pel ey Lae 
as individual terms) and are 3 and Fin © 1 as 
iid for all values of x and ate o, C= we ‘ 
16 


Gi) The constants C, and are vali 
evaluated using boundary conditions. 


ion equations for the simply supported i 


Example # 2.6 Find slope and deflecti 
wu (29) 


beam shown below using Macaulay's methods: 
Ww 





se we know that maximum slope occurs at A and B and for its maximum 
value, ¢ =0 and consider Eq. (2.49)iup to the dotted line only, we get. 











ae 
Fig. 2.18 BL Or eerig 
Let us take B as origi i or, -0,=09= we 
Lac take B as origin. The bending moment at any point in section BC ate aE BEE 
1s 3 tht * 
: if et Substituting the value of ©, and © in Bq. (2.48), we get the deflection 
Maro ; equation, which is : 
ag uw (2.44) Rene ; 
Similarly for AC, gp U4) AU foal 
a sme) 12 16) 6. 2 : 
2 re Maximum deflection occurs'at © where = =0/2 and'as C fies in’BC portion, 
dottedline, 


consider the equation only up to the 


we (2) 
fe £(s) Fela)". 48 





- we 246) 
egrating Eq. (2.46) twice, we get the following two equations. 





24 





1 Fig. 2.19 a 
St] Sol”. Consider B as origin, 3 
: For BC, M, = 22 2st he 

oa | 
For AC, M, a -W(@—b) oe RC 
(2.53) 





ie # 2.7 Find maximum slope and deflection for eccentrically loaded 


peach ehivn below by using Macaulay's method. 
we = : 


i 


q 











(for slope)... (2.54) 















eS (for delfection)..... (2.55) 
atz =0, y =0, Eq. (2.55) gives G =0 * 
and at z = £, y =0 gives, 
Wat? ¢-b) 
0= ai +ce-w! 2 » (but a=e-b) y 
Vala? — 62 
on, CBee -#) 
60 


Substituting values of C, in Eq. (2.54) we get the slope equation. 
- 2 2_ py i _B2 

dy _ Wax ala ey) iw (z-b) 

dx 26 6f 2 

dy _Wa 


i 2 
By M4 gt _ 9? 4.392) | -p EHY) 
de 60 i 


El 





or, 





fe: 
Slope will be maximum at A or B. Substituting x =0 and considering the: 
equation up to dotted line only, 





We 
210, = (a? -€) 
Wa 
or, 0,= 2_ 92 
Pooh ame 


we Deflection of Beanis 
imilarly, 0, =—-2-(h2 __ 92 Rate 
7s 6EIe ioe) (substituting 6 for a) 
Substituting values of C, and Gin 


the dotted line only, we get.” '” P4 (2:55) and considering the term ae 


a 


curs Somewhere between and B. At 


Wax 
I Gey @ -€ +2") 
We 
or, aT (a? - #7 4.2%) 


As BC > AC, maximum deflection oc 
maximum deflection, slope dy/dr =0 
So, Eq. (2.56) gives 


Wa. 
0= 2 _ pr 2: 
Py f° +327) 


eq? 
or, t= 
3 


The maximum deflection can be obtained by putting this value of x in 
deflection equation. 











—Wa 3 
3 agit 
tees oyaEre! a vd 


Example # 2.8 A simply supperted girder of span 14 m carries two point 
loads of 1200 and 800 kN as shown: Calculate the deflection of the girder a 
Points under the two loads using Macaulay’s methogy Take 1=16 10° cm 


and E =2.1 x 10° kN/em’. : 
‘ 4200 KN 800KN 





Sol". Taking moment about 4, ; i f i 
Ry, x14=1200%3+ 8009.5. ; ue : 
or Ry =800KN, Ry = 1200 ( By +p = 12008800) Beas 





2.7 MOMENT AREA MerHop 
The integration method described atlas 


for slope and defections lows us to fort general aati 


fuch equation e.g. 





i sveue(2,57) 


|-800 (2-4) | - 1200 (e-11) 














Yntegrating the equations, as e-1) 2 
plats (0-45) | _roq9 @=!D (2.58) Tope, defect : 
i @%=800.2-+¢, | -800=—=— 5 (slope, deflection) are desired only at the parameters 
ae zt matod is one ofthe mos convene! metodo use ints nan 
Integrating this once again, ree ( mn geometry of the ends cane pan pene canveain Pie ee 
= | ano 4:3)” |-600F= (2.59 flexure and not .tue.to axial for ied tie deflection due to onl 
ELy = 400+ CyerCy) AOS sag 7 3 theorem is given below. ce and stiear. The derivation of «ment mest 


Let: AB be the segment of the . 

| load is represented AmnB. eet ongharg Fak pi application of 
T, intersects the vertical line through B at C and BC=d. The paca: : 
are 04 and @g. Q4g represents the change in angle eee te at A and B 
Tp, yee u gents Ty and 


We know, whenz =0, y= 0, 1 @= 0 


andatr=14 y= Oand substituting this value in Eq. (2.59) 





or, 0 = 133.33 x 14° + C, x 14 + 0—- 133.33 (14 - 4:5)’ — 200(14 -11) 


3 3 13 
~133,33% 14? +133.33(14 - 4.5) +200(14 —11) =-17581.69 


2 
or, C,= ia i 









Substituting the values in Eq. (2.59), 
Ely = 133.33 2°-17581.69 - 133.33(-4. 2OO(DLAY? eens enene(2.60 
For the deflection under 800 kN load, substituting x = 4.5 in the equation and © 
take the terms up to first dotted line only. : 

133.33x4.5° -17581.69x4.5 

or, Vp = 
EI 
= 66968 
2.1x10* x10* x16x10° x10* 


=1.99cm (Downward) 











the terms up to the second dotted line only. 





or, Ely = 133.33 2°— 17581.69 x 11 — 133,33 (11—4.5)° 
_ 133.33 x11? -17581.69 x11 -133.33(11- 4.5)? 


2.1x104 x10* 16x10? x10# 
= 1.56 cm (Downward) 


‘ cris aus 
Consider the differential element me and draw the tangents T, and T,, from 
the pohts m and n respectively. The change in angle between these tangents | 


0 is obtained by simple geometry as shown below. 





or, y 












where A =Area of 3 diagram 


The lower portion of the Fig.(2.21) represents (M/EI) diagranis of the beam. It 

is essentially the bending moment diagram whose every ordinate is divided 
by El. The product (M/El).ds represents the area of M/EI diagram’ — 
corresponding to the differential element ds. Therefore the integral of Eq. 
(2.61) represents the area of M/EI diagram between A and B. 


Thus one may find change in slopes of tangents first by computing. the ~ 
corresponding area of M/EI diagrams between the points where tangents were 
drawn. Once the angle Q4g is found, @, and 6g could be determined by |” 
geometrical consideration of elastic curve diagram (eg. Fig. 2.21 middle 

porion) as illustrated in the solved numericals. 





Eq. (2.61) above represents the first moment area theorem which can be 
stated as "The change in slope of the tangents to the elastic curve between 


two points A and B is equal to the area under the M/EI diagram between these 
two points." 


Again referring Fig. (2.21), as d@ is small, the intercept of tangents T,, and T, 
on BC can be written as s'dO 


a=(‘s'40 


Substituting this in Eq, (2.62) 
2M M 


qt = Fy Ba Area, s'=distance of CG. ie. = = 


d=Ar 





Obviously, 


or, d= 


30 


It is noted that the area of 


Tine) will be taken as positive diner above the reference line (zero 


1. Rectangle 


2, Thangs taal 
ake f 7 A=(22)bh 
‘i » 
kK-— » —| : hh 
A = bh ire: bed 4 
‘Te A= (13). 
h 
4 
a (o+ey>) i)y=kt 
Aazbh Ke 
iil) Sine Curve ¢ h 
}—» £ 
: ae 
a os 
pe) 








SS “3 Conta ovat) 
a i? is pe 
Zz i Sales gee os ie: itera ees 





inal 


“a4 £ Saat 
(e-0 
An 2(st-20) Aare 





Fig. 2.22 . 


Example # 2.9 Using moment area method, calculate the maximum slope 


\ / and defection of a cantilever beam loaded with point load Wat its free end. 
w 
} Sol". 4 
rS The slope and deflection will 
be maximum at point B. The t 
change of angle between the k a | 
tangents at A and B is given s): Gen Beem: 
+ by O43, which is equal to Og 
as this is a case of cantilever. 
So, Oa, = 9, =Area of M/EI 
diagram between A and B. 
‘ Similarly, the intercept d of ne: 
4 the tangent at A is equal to 3-50 ———_4 
the deflection at B. Thus, ¥ 
Jmax = = 4 = M/EL bas 
diagram between A and Band + 
about B, ¢) Bending moment diagram 
1p, =0p= tx ex -_ 
2” MES j}-_—— x=2¢ —__4 
2 
Je ee ae 
2ET ma 
=yged = Ax 2 
Vmax =YB Ax ot 
shy Mt 2 L we 
203” 3ey ADS. Fig. 2.23 


Example # 2.10 Calculate the 


maxil i i i a 
bean wrth vary imum slope and deflection of a cantilever 


distributed load w along the entire span. : 
32 





Sol”. Ps 


As in the previous example, 


1 , we? 

=0,=A=-4 

Omen P04 3 tT 
we? 


~ Ger All 
=_we? 3 


Yoax =n =d= Aa=———¢ 


6EI 4 


Deflection of Beams 


4 £ wkN/m 
¢<———_ 8 


8) Given Beam 





) Elastic curve 


be Sle, gl 


J on diagram 


Fig. 2.24 


keel 


Example # 2.11 AB be’a beam ‘which is loaded with a point load: W at the 
center C. Calculate slope at A and deflection at C of the beam. 


Sol". 


a) Reaction and M/EI diagram 
Reactions at supports are W/2 


by symmetry. 

BM. at centre of the beam 
Wt mM : 
Seay and bending 
Moment diagram of the beam 
divided by EI ite. M/EI 
diagram ig shown in Fig. 
(2.7.5 by 

b) Slope at 


Refering Fig. (c), 0 yi -¢ 


A 





Fig, 2.25 


Where, d = Moment of Area of “Diagram betieon 4 and 8 and about. 


(As given by II theorem) 


Bet EE 
2 4EI )2. 16ET 














Deflection of Beams . 





we We 
0,22 AD . 


“TepIxt 16EI 


2 a i of M/EI diagram between Aand Cand about C 
‘ Loe meye i we 

‘ (tas 3 96ET 

‘Considering ACC’ and AABB', we can write 

nit’ of 


at eee 
d_, Wet we Wee We ans 


Or, eZ Me “EET 2 «96EI «= GET ABEL 








Example # 2.12 Using the moment area theorem. compute the slope of the 

elastic curve at points A and Cand the deflection at c a0 

Sol". ‘ 

a) Reaction and M/EI diagram 
IM, =0 

or, Rg x 18 =30 x 12 

or, Rp =20 


A c D B 
42m —__—+e—6m 
a) Given Beam 


30 kN 


ZF, =0 
or, Ry + Rg =30 
or, Ry =30— Ry = 30-20 =10 





Raz10 int Ra =20 
BM. at D =20 x 6 =120 i 

120 
Ordinate for M/EI at D = a 
M/El diagram is shown in Fig.(c) A. 





1+ 18 m ———___—__-»| 


b) Slope at 4 oy disgram : 
-—————_— ae 
godt A é B 
at 
718 





d =Moment of area of M/EI diagram 
between A and B and about B 


d) Deflected shape 
Fig. 2.26 


34 





Defleétion of Beams 
ee 
=Ar=—|| — 2 
lr al a9) (Lacan 2 
qa 80 : 
at 
or, 0, =-8640. _ 480 
ES ED 
c) Slope at ; 
Osc = Area of M/ET diagram between A and C 
at y9 90 _ 405 
2 El ET 


The dotted lines H and T,, are drawn which are Parallel to the horizontal (4B) 
and the tangent Ty respectively, 


Now, 0,=0,-0,¢ =e 405 _ 75 


d) Deflection at C 


yx, = Moment of area of M/EI diagram between A and Cand about C. 
~(Sx9,20)2) 08 





7 EI\3 EI 
Again we have, ‘ 
Vote! 480 ; 3015 
CASEI Weald Us 
9 4 Tp that gives, y, 7 Ale 


Example # 2.13 Determine slope at A and C and deflection at F of the beam 
using moment area method. 


Sol". Reaction, M/EI diagram 
and deflected shape of the beam ee 
are given below 





The value of reactions 
Ry =R, =W symmetry, 


i c D B 
BM. at D=R,x==H 
i d mW b)Resctons = Ry = W 
dinate of M/EI at D=—— Bs 
le of M/EI at D 3ET we 
BM.at C=R, xtat ws i 
CHE) Pa ee 








which is, 
oO (t a 

ee fipalee ELD Hem) 

wheel +(5*ser2)*2"3 33 3 

: Gi aie 

Five wet We oe 


Weel 9 OE 2 I8ET 9 
j we (essen) 


< “TseIl 9 9ET 





b) Slope at C 
0 4c = Area of M/EI diagram between A and C, 
WE 


=x=x— = —— 


2 3 3El = (18K 
As done in example 2.12, 
4 we we _ we 
0,04 Oye =~ = 
O48 = oer igeT ~ 1eT AS 
c) Deflection at E 
¥_=Moment of area of M/EI diagram between A and E and about E, 


Le me) (€ 1.61) (¢ 1 wey (e 1.1 
ofa e ME Est BN (61 We) (etd 
G A ¥) (Spe (Gp BE) Std) 
We sé We 8 130e 


=x + x = 


I8ET 18 18ET 12 648ET 


Again, we have, 








Deflection of Beams 


WE. WE 13¥_ 23 We 
or, =) =O > 
78" TeEt 7 *~18ET 648EI 648" BT 


Example # 2.14 A simple beam AB supports two concentrated loads of 100 kV 
and 200 kN as shown in the figure. Calculate the maximum 5 na, of the beam, 
assuming £ =200 GPa and J =1.2x10" mm‘. : 


100 KN - 200 KN 


Sol”. 
Reaction and M/EI diagram Cc D 
IM, =0 5m——»}e-2.5m—se-2.5m 


or, Rex 10 =200 x 7.5+ 1005 





or, Rg =200 it a) Given Beam 
ZF, =0, : - 100 200 - 
Ry +R = 100+ 200 i 5 
or Ry = 300 — 200 = 100 A B 
BM. at D =Rpx 2.5 ‘Sm ——+}e- 2.5m-» fe 2.5m: 
= x = 100 e 
200 x 2.5 he i Ra a Re= 200 
= Ordinate of — == 
El ET 
BMat C=R,x5 =100x5 = 500 aa 
Ordinate of — 300 i 
EI ET 4 z oF diagtam. 
M/EI diagram is shown in Fig. (c) i c e 
fh d 
Ye" 
d) Defiected.shape Fl 
: Fig. 2.28 
2) Maximum deflection : 


AS seen from M/EI diagram, deflection will be maximum at C or at D, 
(ordinate are equal), From the Fig. (d), we have, 





sees (2.63), 





2 : tee 
Where d = moment of area of M/EI diagram between A and Band about B. 


37 








» sing Eq. (2.63) above, 





unknown quantities 

110 5 25422) 4 
Ay{ Lx <500 | 5+ |+ (2.5% 500} 2. 2 
BI\\2 2 3 


G x2.5x soa} x 25)] 
2 3 


_14062.5 
EL 


ey 





d_.,_14062.5 2083.33 _ 4947.92 


eu aR RT ET 





Substituting the values of E and J, 
E =2006 GPa =2 x 10° kN/m? 
1=1.2x 10° mm* =1.2 x 10° mé 
4947.92 


2108 «1.210% 


patti OEP RISE 


= 0.0206 m = 20.61 mm Ans, 


Vmax = Ye = 


2.8 CONJUGATE BEAM METHOD f 
Conjugate beam method proposed by Prof. H.F.B Muller—Breslau is a 
modified form of moment area method. This method can directly be used for 
simply supported and cantilever beams. Conjugate beam is a fictitious beam 
which shows the kinematic behaviour of the actual beam. The proceduré’of 
anal: involves in drawing the conjugate beam first which is then loaded b - 
M/EI diagram of the real beam. Now the shear force and bending moments 
developed due to the loading in the conjugate beam corresponds to the slo, 
and deflections of the real beam. The two theorems of this method can thus 
be stated as: 












: 
Nae 
Theorem 1: mote 
The shear at any point on the conjugate beam is equal (in sign and! 
value) to the slope at the Corresponding point on the real beam. 
Theorem 2: 
The moment at any point on the conjugate beam is equal (in sign ‘arid? 
value) to the deflection at the corresponding point on the rea] beam. L 
Relationship Between Real Beam 


it and its Conjugate Beam: 
@ The span of the real and the conjugate beams are equal. 





Gi) 


(iii) 
(iv) 


The: M/EI diagram of the 
the conjugate beam, (si 
theorems may be appli 
y secti 

slope of the real beam. ee 
The bending moment at an 
equal to the deflection of the 


The shear at an 


The following table indicates 
to the conjugate beam. 


Qe O70 


a=0 
Roller end 


abe 00 


A4=0 
Hinged end 


O40 

A=0 
Interior support 

Beit 





6#0 
a0 
Interior hinge 


Y section of the c 
Teal beam. 


a 


Deflection of Beams 


Teal beam becomes the load di 
x lagram 
'gn convention used for thobieat mee 


© conjugate beami is equal to the 


onjugate beam is 


how the support ends changes from real beam 
Table 2.8.1 


> QSFeo 


M=0 
Roller end 


a SF. #0 
M=0 
Hinged end 





SF.=0 
M=0 
Free end 


g SF.# 0 


M#0 
Fixed end 


Lees 
SF.#0 
M=0 

Interior hinge 


SF. #0 
M#0 


Interior support 


39. 





epelow shows the examples of conversion of real beam into 
ub 





‘ 
' A B c 
xs + 
Prove of conjugate beam theorems - 
Let us consider a simply supported beam loaded with a point load W at the 
centre of the span. Its M/EI diagram, and deflected shapes are shown in Fi 
(2.29). 
w 
‘ B. 
Cc é 
Ra : Re. 
a) Loaded Beam - i 





40 








Deflection of Beams 


A 
Re’ 4 Re! 
4) Beam loaded witn ’ 
zy 829m, (Conjugate beam) 
Fig, 2.29 
From Fig (c), we have A 
aattate 
Ae a moment of M/EI diagram between A and B and about A. 





The quantity at right hand side (moment of area divided b: 

n . y Span) represents ~ 
the reaction at A, Ry of the conjugate beam loaded with is i i 
in the note with the Fig. (2.30). Dee aS 


Explanation 


Area =A 





{ 

! 

1 O,2R, : ay i 
‘4 { 

| 

E 

i 


i A B 
Again from Fig. (c) — j Rel Re! 
8 yc = Area of M/EI diagram between A and C! z Boe 0 : 
= Applied load left to the section C i ae ; S pe 
yap 


The slope at Cis now given by a Pi) 
0, =8, ~ 8, « ; re 
i oR yl= 
=R, — Applied load left to C. sail 
= Shear force at C of conjugate beam. | 
This proves the first theorem. 





é 


Similarly, from Fig. (c) 
Ye= OO, -y, : 
y, =Moment of M/EL diagram between A and Cand about C. 
CC, =20, =2R', : ; i 
¥, = 2.R', -Moment of M/EI both A and C about C. 


‘ =Bending moment at € ” 
This proves the second theorem. 


Example # 2.15. Using Conjugate beam method, determine slope and 
deflection at B of the cantilever beam loaded with a point load Wat its end. 


Sol", Fig. (a), (b) and (c) shows the real beam, ifs bending moment diagfam , 
and the Bhd beam respectively. The bending moment ordinates divided 
by EF (M/EI diagram) become loading for the conjugate Leg - $ 
According to the conjugate beam theorems, bending moment: at. 2 e 


4) 




















we _ We 


Example # 2.16 Calculate maximum slope and deflect 
beam of span £ loaded with uniformly distributed lo: 


beam method. 


Sol", Fig. (c) shows the conjugate beam loaded with M/ET 


beam. 

Obviously, for a cantilever 
beam, slope and deflection are 
maximum at end B. 


SF of conjugate beam at B' is 


Bi, ee 
°° BEI 


4a 


SS Ee ee 


cnr seer tsa anew — 


‘Shear force (SF) of conjugate beam atB 


‘~ ',, f 
sn  ~ 2ET” Ma 
3 we ue 


b) Bending moment diagram 








a) Real Beam 





Fig. 2.31 


w kN/m 


p EEEEnDEanaaat | 
¢ 4 


a) Real Beam 


wl? 


2 
et | b) Bending moment diagram 


pores aE 
x 
a 
2Et 


z 
©) Conjugate beam loaded with M/ET dia 
Fig. 2.32 


diagram of the reall 





at B whereas shear haters s 


ce would represent the deflection 3 
& the slope. a2 
AY aes SS ; 





asriaene ono ee 


tion of the cantilever 
ad w. Use conjugate — 


: 
e 
(3 
ee 





ptelpiaier 








4 
Deflection of Beams 
Example # 2.17 Calculate the slope at ends and the deflection at the centre of 


simply supported beam of 5 : 
Lietconjupete Peal ceheiaees t loaded with a point load W at the centre. 


Sol". The real beam, its bending moment dia 
e it gram and the conjugate 
pope MEI mt ae shown in the Fig. (2.33). To find the ame 
, moment in conjugate beam, we need to reactis 
Per Fi find the ions 
By symmetry of loading, 


R= R,'= Tota: cownward load/2 py 

















2" 4EI) 2 
we 
is eet 
Now, shear force at 4° A B 
=R,= ae b) Bending moment 
16EI Face 
2, 0;.=— 2 (Chock wise rotation) ae 
16ET ~ 
x B 
By symmetry [.. : i l 
2 a = = we 
a ae (Ania) ee a i 
Bending moment at C bare 
(5) t G t m) (é ) we WO We 
wth) [Ss Bees 
16ET "2 (22° 4er) (2 3) 3261 96EI 488 
ve a ME (Downward deflection) 
48ET 


Example # 2.18 Using conjugate beam method; determine slope.at 4, B and C 
and deflection at F of the beam shown below. G . 









Deflection of Beams 








example # 2.19 An Indian Standard Median Weight Beam (ISMB) 250 x 
125 mm carries a concentrated load of 2 tonnes at point C, 6 m the left end of a 
beam of span 9 m. Find deflection of the beam under the load and the 
maximum deflection’ on the span. Take J,, = 5131.6 om’ and F =2x 10! 
kN/om? and use conjugate beam method. " 


symmetry, i tal 
j i eam will be half of the tot 
it es ate bending moment diagram and the 
ts cach oa igre is shown in Fig. (2:35). 
gate beam 








Sol", The real beam, bending moment diagram and the conjugate beam 
loaded with M/ET diagram is shown in Fig. The ordinate of B.M. diagram is 
calculated as follows y 








2x3 
R= 0.667 
(-a-% and b=in) 
we _2x6_1, 
Shear force at A= 9 fy = 21.33 
He (:a aus onda] 
8, = ~ oer Ans, a= 


Fig. 2.35 





M, = Ry xX3=1.33x3=4 tm 


Since the load is not symmetrical, 

is necessary to take moment 
either about 4' or Bt of the conjugate 
beam to find the reaction forces. 





Shear force at C 
weit We _ We 


= =x =x = 


“on 2-3 38 SET 
Taking moment about A, 





=M,=0 


Bending moment at 














: Ot, Ry x9 6x te 6h dxf 642 |= 
pW Eh BEML Le f Ry 9 GxcK nS x65 xx 645] =0 Fig.2.36 
9B 2 |\6 3 6x2 23 3E\6 33 ae ” i : 
WO | we, swe o Raa (48442)= 
I8EY | 216E! 324E7 
23 we Tr. =0 
Rien ce x 
was ay TS oy Rep dings 
3 POPs eer 
ae ogy = !8_10 8 
we ‘HE Et Et Soba bgt g 
i 1) 10 
Bending moment at C (:) aio Ma AE) 
4 ua : te 45: 














or, Ry + Rg - 15-30 =0 








4 
es or, Ry =20 KN. 
24 
: Oo BM.D =Rp x 10 =250, 
Deflection at C = BI 2x10" x10" x10* x 5131.6 x10 BM. at C =Ryx 10 =200 Kv. 
=2.34 om ADS. | The BM. diagram is shown in 





i i a ig. (b). The conju 

‘AC (as AC > CB) at a portion where Fig. (0). : jugate beam 

i (or its value =0). Let us loaded with M/EI diagram is 
shown in Fig. (d). Note that the 

load for conjugate beam here “4 Gil A 


distance x-form 4’ in the 


imum deflection occurs at the C (as 
orce in the conjugate beam changes its sign 
ie that the value of shear force is zero at a 














1 


Conjugate beam. does not take the exact sh c gi 
1 4x bendii dia, ra Fs 
PaR,-ixex= 0 ending moment diagram as. in (©) Bendi 3 
Then, pene at the coher “Sproblans SWAG yen ee 
ee constant J. The change in 
oe rag 0 loading (M/EI diagram) due to 
or, r=V24=49m wanton AE ie BO 
4 ig. (C). 
Now, maximum bending moment (Max) » 
= Sg beng ea taas 
EH 2 6H 3 (d) Conjugate Beam loaded with M/EI diagram 
_ 26.13 : Fig. 2.38 
a7 Now to find reaction R,, take 
:. Maximum deflection - ae ‘ moment about A such that 
ae = =a m=2.55 cm ANS, | (au aa 
x x Ox SEI 3ET 
: Ryi30—F e102 ( 2082) - ABEL SEL 210 | 


2EI 3 2 


Example # 2.20 Using conjugate beam method for the beam shown. in Fig. 
(2.37) Find the slopes and deflections at A, B, C and D. Take E =200 x 10 
KN/m2, | =300 x 10“ m* and neglect the weight of the beam. Die 





aaa 

i 3EI 3EL 10} 1 200 (2 

10 +42 hy | tS = 
arena) jx) 


15 kN 30KN 


Se er 


3EI 3EI 





14583.33 , 11388.75 , 6666.67 














Je— 10m —+je—10m_ —vje—10m “9p or, BR, x30= + + 
a) Given Beam 1087.96 zt Bae 
F Fig. 2.37 lag , 
Sol". ie ee pee Bis determined by taking moment about A. u, vin 
'p x 30-30 x 20-15 x 10 =0 Ising the Fd 
or, Rg =25 kN ZR, 5 Sea 





LB, =0 SA : 
or, Rj + Rj — Total downward loading = 0 
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a) Slopes at A. B, Cand D 


+ 1287.04 _ 1287.04 
SF at A of conjugate beam = 6,=—-R4= 


EI 200x10° x300x10~ 
=~ 0,000215 rad. Ans. 


+ _ 1087.96 
SF at B' of the conjugate beam =R, = He 


= 0.000181 rad. Ans. 











1087.96 
20010 x 30010 





ee gk 200 
0, = SFat C’ of the conjugate beam = -R, SoU banae 
_ 1287.04 , 1000 _ 287.04 


El EI El 
287.04 


= - —;=0.00005 rad. 
200 x 10° x 300 x 10 





ps me 250 
p= SF at D’ of the conjugate beam =R , -—x10x-— 


\ a J2er 
1087.96 625 
ee 


462.96 _ 462.96 ‘Syinnoariaaduan 
EI 200x10° «300x107 Ans. 


b) Deflection at A, B, Cand D 
Deflection at A and B =0 
Deflection at C = BM of conjugate beam atC' 





Ai 0 ty ee 
2 ES 
1287.04 20000 
=——— x 10-——_ 
EI 6EI 
_ 9537.07 9537.07 





EI 200x10° x300x10~ 
= 0.00159 m =1.59 mm Ans, 
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Example # 2.21 Determine the maxi was Nes 
the beam shown in the Fig, (2, warmum deflection andstope at the ends in 


39). T: 
10° m‘ neglect the weight of the on E= 200 « 10° kin? and 1= 100 % 


5O.kN 


Sol". 
The real beam is shown in Fig. (a) 


Due to the symmetrical loading 
50 
Ry=Rg => =25 
BM. diagram and the conjugate 
beam loaded with M/EI diagram 
is shown is Fig. (b) and (c) 
respectively. 





Ra=25 kN (®)Reactions R= 25 KN 


Note that the load for conjugate. 
beam here does not take the 
exact shape of bending moment 
diagram as in the other c 
problems with constant J. The it 
change in loading - (M/EI hipaa 
diagram) due to variation of J is 
clear from the Fig. (c). 





50x10 
er weal 


Now, find the reactions R'and 





R, of conjugate beam. 
Take moment about A, 


Fig. 2.40 








gi 3.33 
or, R10 = Le LT _ 208: 


EL ET EI 


2 R= 20833 
EI 











Deftection of Beams: 
© 998.33. 312.5, 156.25 _ 260.42 
Reo gy ay 





a) Slopes at ends wv iibtae 


04 = SF at 4’ of conjugate beam =-R,= ET 


--—_—_26042_ 9.013 rad. Ans, 
200%10° x100x10°° 
«208.33 


Q, =SF at BY of Conjugate beam = Ry 7 


= 208333 __ 9.01042 rad. Ans. 
200 10° x100x 10~ 





b) Max. Deflection 
Maximum moment in the conjugate beam refers to the maximum deflection 


in the real beam. Maximum moment in any beam occurs at a point where 
shear force changes the sign. Obviously, maximum deflection will not occurs’ 
in the section CB as it is stiffer (bigger 1) t 





Let x be the distance from A’ in the conjugate beam, then shear force at the 
section in given by 


Fra Rye 
2 El 


Equating SF (F,) to zero, we get, 











25x? _ 260.42 
2 CEL 
260.422 
or, z= ,||——— = 
75 4.56 m 
BM, at XX'= Ry xx— 1.456 25%4:56( 2 : 
piel ae eT Kc f 
326082 ye 5 2 
EH : phon e4s6u| Eso] 
397.33 





200 10° x100x10-> ” 


= 0.019867 m Ans, 
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Deflection of Beams 


Example # 2.22 Using conj 
‘ \jugate beam a 
ends and deflection at the method, determi 
6 Centre of the bea ermine the slope at the 
200 * 10° AN/m* and 1 = 200 x 105 my teacher .41). Take B= 


A 
Sol". The reactions of the real — i 
beam i8 shown in the Fig. (a) | oe ‘ 
where 8) Given 
Beam 
EP, =0, Fig. 2.41 
or H, =0, 
ZF, =0, i a 
or-R,+Rp=0, or Ry=R, Re 
b) Reactions 
=M,=0, 


or Ry x20=500 fie 

20 A he 
ay = a3 —- 
o. Ry =Ry =25 
M, =Ry x10=250 fas 


©) Bending moment diagram 
The conjugate beam loaded with 


20 
M/EI diagram is shown in Fig. i 

© f e) 
Finding Teactions of . the > 

Conjugate beam, is 








=M'=0 4) Conjugate beam leaded with A diagram 
y 
Fig. 2.42 
By’ 20 = 19 ex (104 22) 4 bx 10x 250/210) = 
a Frm agar einer nC tak 
OF, Ry'x 20 = — 1666.67 , 8333.33 
EI ET 
of, Ry = 41667 
EI 
Ry a4 416.67 
El 
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Deftection of Beams 


Deflection of Beams 
a) Slope at ends ' : 
Slope at the end A of real beam (64) = Shear at end 4' of conjugate beam 
ies Moment diagrams: 
sie ote pel = +0.00104 rad. Ans. ee 





= Sen ee 
Oe FET 200% 108 x200 x10 f soe eh: 
Slope at the end B of real beam (Ox) = Shear at end BY conjugate beam = Re’ B C+ y 
as te 
or, : 














ga =0.00104 Ans. . 
- { 
b) Deflection at the centre y, 
B.M. at the centre of conjugate beam, 
weer) x10—1 1002 - j 
: 2 EL 3 ¥ 
241681 49-1 10 22 Fig. 243 
a ee Reaction R, at B'due to ud! at A'B* 
=0 
i ae ele as ge 
~ Yen M = 0 Boe 23" ger’ amt 


Hence deflection at C is zero , 
Again reaction R, at B' due to triangular loading on /'3' 
Example # 2.23 Use conjugate beam method to determine vertical.” ee Cae 
displacement of free end C for the given beam. Take E7 constant for beam. 2 2EI 3 
[2058 Shrawan] 


Let us first break the structure in two parts as given below 


Ry =R,-R, = _- 
De O4ET GEL - 


gt [le 
6EI | 4 : 


ge sta 2 
21 (4, 
zag © 47) 





Ne 
NOW, BM, at C Mc= Deflection at C, 








Reactions x gat fae (e «él 





32 53 
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Deflection of Beams 


Ex.4 A beam 6 m long is loaded as shown in figure. If the flexural rigidity 


(El of beam is 8x10* kN /m?, find the deflection at point C. Use 









Maccaulay's Method. 
300 kN ( 
x é ean 
c 
4m 342m. 
j Fi AT 
% Jong is loaded as shown in figure. memes : Ex.5 A beam of 4 m span carrying a point load of 40 kN at a distance of 
ae fe i and if the section is rectangular, (200%: “ 3 m from the left end. Calculate the slope at the two supports and 
deflection at the Wie? aii deflection under the load. Also calculate maximum deflection. Take 
Take E=0.105% thin E1=2.6x10’ N-m? (Use moment area method) 
o 3 = 
(Ans: 6, = 0.0009615 radians, 0, + 0.001346 radians. 
Y Ot asy . Deflection = 1.0154 mm, max. deflection = 1.37 mm) 
:, ae 


Fig. 2.44 


Ex.6 A rectangular beams 150 mmx 240 mm deep is simply supported at 


the ends on ‘a span of 4 m and carries a uniformly distributed load 
L is simply and symmetrically of 6 KN/m on whole span. What point load at the centre should it 
Ex2 A uniform ee oe the ration 1/€ so that the upward carry so that maximum deflection is doubled. 

Seoon at each en eqs the downward deflstion at mid span 


(2.399 + 3.457) =5.86 mm Ans. 





(Ans: 30 kN ) 
due to concentrated load. wy (Ans: 53) Ex.7 Using Conjugate beam method, calculate the slope at C and A and 
m deflection of the central point D of the beam of uniform cross-section 
ik shown in figure. Take E=200x10° kN/m?, 1=120x10“m? 
2 bt : 
ee 2 i | 20kN 
a ee 


Fig. 2.45 





Ex.3 A beam 4B of 4 meters span is simply supported at the ends and is 


3m —re— 3m —oe—2m 
loaded as shown in figure. Determine by using Macaulay's Method 


Fig. 2.48 
Deflection at Cb) Max. deflection c) Slope at the end A. : : 2 
srr 200 10° ee m? and [=20x10~%m* (Ans: 8, = 0.005 radian, 8, = 0.00166 radian and yp =3.7 mm) 
(Ans: 8.74mm downward, 8.75mm, ai?) Ex.8 Using conjugate beam method, calculate the UDL W over a beam 
200 kN 4 shown in the figure so that deflection at the free end does not exceed 
u 100 mm. Take E=200%10° N/m? and [= 2.7210 m? 
(Ans; 40.26 kN /m) 
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ener ee 
STRAIN ENERGY 

3.1 STRAIN ENERGY. ‘AND COMPLEMENTARY STRAIN’ ENERGY 

If we load an elastic material, it deforms. ‘The deformation increases as the 

load is gradually increased. We can plot 4 graph between the load and the 

corresponding.deformations, which t 


1 will be a straight line for linear Tnaterials 
and curve for non-linear materials as indicated in the figure given below, 

















Strain 


i 
a) Load- deformation curve for b) Load-deformation curve for | 
linear elastic material 


non- linger elastic material 
Fig. 3.1 


it is under the line OB 





complementary strain energy. For linearly plastic materials, these areas (OBC 
and OAB) are equal. I é 
3.2 STRAIN ENERGY DUE TO [AL ST) 


Consider the infinitesimal element acted upon by normal stress o, as shown 
in figure. 





oie 





that acts on the face of the element would be ox-dy.ds where dy.ds 
‘area of the face, Due to this force, the element elongates by ey dr 
is in, As this force is applied gradually from zero to-its finat 
will be 1/26,dy.dz. Now strain 








a =ho,dpds x 8,dr = 50,8,drdyde Hebel cesses 


~ y 
Average force distance 


Where dv is the volume of the element 





(v8, ==) 
E 2 
This expression may.be interpreted as the area of triangle OAB in Fig. (3.2-b). 


The Eq. (3.1) can also be written as 


Us [= a, Substituting ¢, =o as given by Hook's law, we obtain 


the equation for strain energy stored. 


u=(% 
2E 





wee 1 9 





Pe al 
we get, U =—..— AL 
5 FOE 





Eq. (3.2) shows that the strain energy stored in a material is proportional to 
its level of stress. If the material_is stressed only up to the proportionality 
eit the corresponding strain energy density is calle f resili 


i! represents the material's energy absorbing capacity and is represented by 
the shaded portion in the Fig. (3.3). 







Fracture 





strain_di. Larger the 
tougher the material will be, 


that tl s longer but 
the diagram given below, 








ea 
Strong verses tough material 
Fig. 3.4 


3.3 STRAIN ENERGY DUE TO BENDING 
Although, bending stress! varies triangularly by its nature, it sti 
to any cross section, Therefore Eq. (3.3) can be 





(M/I)y to calculate strain energy. F by es ce 
3 Ais 
ody " 
Us |= 
f 2E : 

= (Meee 

7 lyre Py hd 
M2 


1 
= eae Aya (+ dv=dadz) 


= i {pra]]a 


But fy?da=1 








3.4 STRAIN ENERGY DUE TO SHEAR 

Let the infinitesimal element is under the system of shear stress (x) as shown 
'n fig. (3.5-a). Under the application of the shear force, the topside of one of 
the face considered (Fig. 3.5-b) moves by @ distance r.dy while the bottom 


Abas 
"bre is assumed io be fixed. 
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Fig. 3.5 


As before, 


aw a1 4 (deds) x y.dy =hey(éndydln per Lae ré 3.4) “ 


2 
‘Average force distance 


As t=C:y, Y=— Substituting 
¥ ‘i ce 


Coes 
oo Fah a 





* We know T ami , and substituting this in Eq. (3.5) 


u= eer 


For réctangular section, as given by the Fig. (3.6) shown below. 


=== 


ZZZZ7774 a x 


ie 
BCS 





G3 





eo 





Substituting the value of Q in Eq, (3, 6) and re- wuiiog do=<de.dy,dz , 
Fr? Q 2 i 
"8 Noor iG ) ae 


mas is et mE cys 








120 


Shear force F = 


shape ofthe secton For 
rectangular section, K=1,2. 5 


3.5 STRAIN ENERGY DUE 70 TORSION t 
Strain energy-due to See can be obtained by replacing tin Eq. GB: 3) 


un fea 7s? ete 


Substititing re and , where T= torque, J= polar moment of inertia. 


= r, 2 a 
Us foarte le 


But, fe dreead 


we for a prismatic bar of Jengih £ subjected to axial force, moment, shee 
~“* forces, the ‘otal strain. energy ‘stored would be, 


€ 


Us [os spots Pde ad G8) 


26h 

















} 
5 
i 








Strain Energy 





Sol". 











PLEMENTARY WORK F 
re deforms when a force is applied on it.The product © We have, Aveo 
formation gives the work done by the lores The work yuo Pe (uo 
graphically by the area under the force deformation curve poy ery rin <0 10)" 5% 1000 
2 x1200 cy 
= 12604167.N-mm = 12.6 pares 
on [2 A a = 22 past 
xe 1 
= 916.66 Nin? Ans, 200 x5 x 1000 


Example # 3.2 A square steel bar 40 

: i mm x 40 mm in secti 
subjected to an axial pull of 128 kN. Taking Ms 200 GN on, 3 m long is 
elongation of the bar. Also, calculate the ener Vn calculate the 


; I ‘gy stored in the: i 
extension. Take sectional area of the bar= 40 mm x 40 mm = “ie oe : 





Fig. 3.7 


40mm 


128 KN 4 
Se a kN de ay 
cela 


+—_____ 3m —______,, 


The area above the line OB is complementary work such that for a linear 
system, the sum of work, and the complementary, work is equal to zero. 








3.7 DEFLECTION BY METHOD OF REAL WORK 
‘As described earlier, the external work done (J/) which is the input energy in 
the structure, is_stored. as, the.intemal. strain energy (UW). By the principle o: 


Fig. 3.8 : ; 
conservations of energy, these two quantities (W and U) can be equated to © ig. i: 


find the deflection of the structure. The procedure is illustrated in the Span £=3m ‘ 
This method of finding the deflection is also-called as : 
rk dor E=200 GN/m? 





work done by the actual loads are considered. This: 


jnethod however faces problem when there are several loads applied in the 
structure and deflection is desired not at the point of application of the loads. © 7 





Elongation of the bar ea Ft -__(128%1000)x3_ =1.2 mm. Aus, 


AE 16x10 x200x10° 


128x1 
o= =8x10" N/m? 
Text ™ 


Energy stored in the bar during elongation Uis 7 


3.8 DEFLECTION BY STRAIN ENERGY METHOD | 4 
By using principle of conservation of energy Wer = Win one can also find the 


deflection of a structure. Extemal, work. done_is.the_producl-of force and 
defection and jnternal work is the strain energy of the structures due to ths 











applied force, u=S.Ae i : ' 
W.,, = Force x deformation/deflection.... BE al cw ; 
- (Sa _@x107fixt6x10% x3 F 
int = | oR . : 2x2x10" 7 eS 
Equating (3.9) and (3.10) the unknown deflection is obtained. re = 768 Nm of, joules ADS. / 4 i : 


Example # 3.1 Calculate the elongation, stress developed and strain encrey 
stored in a steel bar 5 m in length and 1200 mm? in cross section whee 


tensile load of 110 ¢ is gradually applied. Take E=2x10° N /mm?. 


Suffer the same displacement under tensile force of 40 RV. Determine the 
diameter of brass bars dj, the stress in each materials and total strain energy 


Stored. Take, BE, =207 Gpa and Eran =821 Gpa. 
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y tin 








Sol”. 
Given for steel 

Diameter d, = 70 mm = 0.7 m. 

Length £=I1m E 
For brass E, = 207 Gpa. j 
Tensile force (P) =100 kN. 


their displacements. 





intensities of the stresses should be different for two sections. 











Hence, 
e 
=p =25.98MN Im? 
x 2 
. F@07 
a ») 
Also, 8,=6, (Given) 
j Pl, _ Phy 
» or, —= 
AE,  A,E, 
f - 
Shy le as P gy 
EOE, A 
o,f, E, 
6, =~ x 
Et 


a 6 


{ale 


=2s90( 1). 22) 
LS. 207 
or, 6, =6.92 MN/m? Ans, 
Diameter of brass bar, d, 
P=0,xA, 


100x107 =6592x7 xd} 





Lat the stresses in the materials be 0,07, for steel and brass and 8, and 8 be _ 


i i i ile force of 40 kN. The 
The shaft is to be subjected to an axial tensil fe 4 
ern each section, (steel and brass) is same i.¢. 100 kN but the 






6.927 
= 0.13564 m 
"= 135.64 mm 
Total Strain energy stored ' 
U=U, +U, 
GAC, OFA, 


+ 
2E,-. .28, 


1 
4, - [eas 








: > 7 
_ essey x7* (0.07) xe z (692) «Ex (0.13564) x15 
2x 007x107) 2x827x18 


=1.257x10°MN/m =12.57N-M 
* =12.56 Joule Ans, 





Example # 3.4 Two elastic bars, whose proportions are shown in figure, are 
to absorb the. same amount of energy delivered by the axial forces. 
Neglecting the. stress. concentrations, compare the’ stresses in the two Bars. 
The cross -sectional area of the left bar is A and that of the right bar is A and 
2A as shown in figure.” 


: ‘ : eS 304 . 
valle 
: baie.’ | , 
i = tm, 
\ F fe 


\ Fig. 3.10 
Sol, y= 22 . SiMe 
OE OE 





dy 
| { ‘ ; 
4 Be + (Stress in the upper partis half as the 
U, = Se G s 
2 Ld + OE Be sais de be we) 


2 gs 
-3(4)+# 2aex 





2E\4) SE. 4 
= 93 (At, SAl 9p (Mest) 
2E\4 16) 2E\ 16 2E 8 








to the question, 
2 

At Si Sap 

2E 2E 8 






oy 


6,=0.790, Ans 


nd same length are subjected to 
hroughout 





me material 
. One bar is 2d in diameter 





‘Example # 3.5 Two bars of 
equal and gradually applied | Mal 

the other has the diameter d ovet I 
Sate having a diameter 2d. Compare the strain energy 


pee ie 











two bars, 


po 























« 4 fe re Ont mt 
bucks Second bar 
Fig. 3.11 
5 ol P 
Sol”, Strain energy of the first bar "Te! om 7 
Pp? At. Pee 
or, Uy — . 
AP 2B 2A 
pre 
ax nx (2d)? 4B 
4 
pe 
2nd°E 





Reo 
sieaerne . 
2x nd? ok 








energy of the 2™ bar = Strain energy of two end portions + Strain 
energy of middle portion, 


Pe, 








Ps 
UU, = nd? k, 
py 

nd? fe 





4:2 Ans, 





(Alternatively, strain energy of the second bar 
Outs at the middle of the 


Example # 3.6 Find the elastic strain ener i 
subjected to a bending moment M applied bed be # testes cantilever beam 


f¢--————1) 


Fig, 3.12 


may be found out 
beum from the firvt par 





Due to the application of moment M at point H, bending moment 
nw constant along the length of the beam and its value is M itwelf, 





2 
We have, U= (M” ot dealt 
b 2Af aay) 








4 formly stressed bar where U/ =o? /2K(V’). It is due to the vari 
Of bending stress across the cross section of beam, The axial stress on the 
| other hand is uniform along the cross section. (See Section 1.2 for details of 
Structures with uniform and non-uniform stress forms, 
' 
Example # 3.7 Two cantilever beams of same material are similar in every 
“spect except size. One having all of its linear dimertsions just ‘n' times 
those of the other, What is the ratio of their strain energies when they are 


‘ jected to their own distributed weights? Consider energy due to bending 
nly, 








Cid 






. \ ‘Strain: 
Example #:3.9 Fing the difiacs : Baergy 
method. Ceflection at B in the doe? by: Bia 








ae 

















. 
udl(w “a meter ate 
ide of the strain energies is given as * Real work done bs the load P 
2 ‘4 a 
ee We =F4 (F istheas se 
(ae i ow a ce na o'de . ca 2 pie average load) 
Uy __% 261 = 2El oe > Strain energy stored - 
te Oe aga v= flee 
2EI 2EI 4 2 
sy! ~ [oh 
ss Bees oe ae 
[F > ae 
be Ries 
tis'bee'cad'ofan - 6H 
Find the expression n for deflection of ath 
Temata aa nee ‘area A and of length £ due to an axial force _ Squangg ig U, a a 
applied at the free end. oe & af 
a nr ae 
(Force appli ied is gradual and it increases from 0- Psuch - ass 
ee *: 





that average force=— 7 Example # 3.10-Find 
below. Take E=200 


: the vertical deflection 2 t 
” Bxtemnal work done, a" Average force distance ° al point cm the frame shown : 


kNfmim? and. f= 15 * 10° mm’, - 









Fea. GN) : Pi ENe S HN a 
4 i - 4KNen. | ‘ 
ne, Wy = Strain ener; oP G12) ase ic  o€ Cc 
Internal work done, Fin = in energy IE é sik 
Equating Eq. (3.11) and Eq. (3.12), we get, iby ¢ 
Pe 
A=— 5m 
4E Als. 
(Note that this is the same expression as obtained by | 
Hook's law: ¢.0 g, Pe waneey A ‘Aken 
Ae AE 


Fig. 3.46 


68 








Joa i it ture is shown in Fig, 

body diagram for various portions of the structure r : 

Aa and details of bending moment expressions for various portion of the 
structures are shown below. 


Portion origin Limit Expression (M) 
BC c 0-4 lxz=2 
AB B 0-5 4 


w? w 
We have, Strain Energy U = bre Tas e if Cy Tha 


2 5 4? 
afi Ze sae 
Cig** 


aye : 
-a|5| pena) 


2EI 


2eI[ 3 3|” 26I 
wah yh SE xs 
der” 3” 2B 
_ 50.67 

El 


Now, External work done W = > PxA 


ahaa 
2 


A 


2 
Equating Work done to Strain energy. 


A _ 50.667 H 


2 EF / 
y= 101.333 4 
EI 1 
Noting the units used in strain energy (Bending moment ) i.e. kN and meters 
El should be used in kN-m?. 
EI= 200. 15 x 10° 10° = 30.0 kNem? 
101.333 
A= = 0.0. 
3000 33778 m 


= 33.778 mm Ans, 








10 





carries 2 concentrated load # at j 
preadth b and depth d. If G, is 
deflection due to shear. 


tS centre. It h 
Modulus of 


as Tectangular 


¥ 
a2: 


Cross section 





Shear Force diagram 


Fig. 3.17 


_ Now, to find out strain energy in the beam 


Consider a layer of thickness dy at a distance. -y from neutral axis, 


Shear stress at the layer, t= a 
Where, P = Shear force at the section 


Ay = First moment area above the layer about neutral axis, and 
I \= Moment of inertia 








x 
Wi(d_ 2 
mo(s 7 yt 7 
Shear Stress, tS = 
‘i bd 
—xb 
12 
d 
Wd ran 
Foal ae hs 
bd*\2 2 


Tigidity for the ‘ana of 


Se earns 


n 





It is observed that shear force 

moment at any section is gj at any section of the i e 

bending, Bevan by. Meo Pe, xe sa te 
nergy due to 





b Volume of layer = bdr.dy 








j 2 
Shear strain energy in the layer = 5 bdedy ou 
: U =(Me@ 
vl aw [fay | men 251 
2512) 4) -y} lbdrdy i 
26| bd? |\2 i = (I eee 
2H Ger 






L 
Again, Strain energy due to shear. 


2 
Ue | ape fe 
w= Lae 36 [gar 








Total shear strain energy due to shear for the portion BC 











2 i u 
EE -L delay _ py) 
; 26 1-4)ar\\2) ~” they 
[Alternatively, the expression U,,.,, = Pde 
hear =k 7 can also be used] 
ean aPith d* 
sci? 30 ‘ 
_PPt,bd> ( 12)" 
2406 “bd? 
3 Pp 
= ( a7 iy; = 
a ( wt) __we “SAG 
W\ 20Gbd } 1001 é # 
Now External work done 


Won = hxPxa=3Ph : 
Equating external work done with strain energy due to bending and shear. 





Example # 3.12 Cantilever beam 
vertical load P at the free end as shown in figure. Compute the vertical 
‘on A at the free end of the beam. Consider shear deflection and 


explain its significance. 
Ltt tittithtey 


1 Pe 3 Pe 
a gecigiel, 

2 6ET 5. AG 
3 

pee A ae 
3B «5 AG 











Itis to be noted that the first term at the right hand side is the deflection due 
to bending and the second term is due to shear. 
Now re arranging the expression 
3 
ane 13x85] 
3EI 5 3AGt 





B 








Strain Energy 





Pe 6 


= PE |1+3x$x(2) 


31 5 





E 


Let us now assume that c 


“SET 


ape 
3ET 





[! +0.3x 2.5. 


ba? 
2 


bd.€? 


E 
Gc 


Pe 6 (E)1 @ 
-flteax$s(Foe 


_ 38t 5 \¢ 
Pe fr+3-(2}4 
3EI 10 (ese? 


Significance of shear deformation 


=2.5 (a typical value for steel) 





For f=d (Short cantilever beam), the above expression gives 


a= sas 
3ET 


=1.75x— 


3EI 


We know that the expression P¢*/3EI is the end deflection of a cantilever 


under a point load P on it. As seen from the above expression, the total 
deflection due to shear and bending is 75% greater than that due to bending 


only. 


Hence, shear deflection is 
Again, for 


Pe 





; 
A= stars. g 


3E1 
Pe 


very important in such short beams. 


£ = 10d (For usual beams), the above expression gives. 





10d? 


=——[I+0.075] 


3EI 


pe 


= 1.075 x — 
3EI 


Here the deflection due 


to shear is just 0.75% of the deflection due 1 - 


bending. So, small deflection due to shear is significant for short beams and 


° 14 





SE 


Swrain Energy 


in case of long beams, deflection due ‘0 shear can be negl 
neglected as it is tog 


small. 


Example # 3.13 A Tectangular 
beam 20 
rte . om x i. 
mane one os a mand carries a central lniseme Fs ee 
it a * 
vis re hoe and bending. Neglect self-wei arbi 
Take B=2%10°hg/em® and 6 =0.85 108 kg /em? ight of the beam. 


200 kg 


Too — 3m seg 3m 100 


Fig. 3.19 


Sol”. As the beam is symmetrical, the ‘ 

4 , Teaction: ; 
magnitudes are 100 kg. each. Shear force F, and bed ding equal and their 
distance from B are: moment M, at x 


F, =100 kg 
M, =100.x kg —m=100x 100-2 kg —cm=10000.z kg —cm 


Strain energy due to shear force in given by 


u,=Kx2 fl 
gy Gow fl pe 
RxD ee 


-12x2 pm, 
were 

__12x2x10000(300) 
© 2x 20x 40x 0.85 x 108 
=5.29x107 kg-cm. Ans, 


where K=1.2 


100)? dz 





Strain energy due to bending is Uz 


f 3 3 
£ bd? _ 20x40 
U,=2 (27M@x Balle = 106666.67 
22 oer ID 12 : 
(10000-Fés ___ pe _2x(0000)"__” 


“300 
=2 2 
f 2x 2x 10° x 106666.67 2x2x10° x 106666.67 3 











2(10000)? x 300? 
2x 2x 10° x 106666.67 3 
= 4218.75 kgom. ADS. 
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‘Strain Energy 


Example # 3.14 A solid circular shaft and thin walled circular tube made of 
‘the same material and having the same weight are stressed in torsion to 
same maximum shear stress. What is the ratio of the amount of strai 

























energies stored in the two shapes. 26 peacmnare 
= [de etn Ee GF ~ tas (5!) ns 
w= [Fa and U,= 76" 30 26 26 \2 
= T?ty (Sis perimeter and tis the thickness of the tube) ) 
20) 3.9 IMPACT Loap Fig. 3.20 
$o far, we have dealt with the load applied ; static 
AVE. h ipplied in the structures, whic’ i 
But, T= te Substituting this in the expression of U,, nature. This kind of load is slowly applied, gradually iret oo 
: its maximum value, therefore, the load remains constant, There is aah 
2p 6 (kind of load called dynamic or impact load which vary with time. Freely 
uae a falling object or moving mass that strike the structure, load induced by traffic 
F movement, wind gust, water waves are the examples of such load. g 
272 
tre 
\ For the analysis of the impact load, let ie i 
- fsa us consider a simple arrangement 
# vie ua 267 _ Fu, + pesgessescaacpeogeneau ate (3.13) shown in Fig. (3.21). A collar of mass M, ini lly at rest falls from a height & 
U, = . i et on to a flange at the lower end of bar AB. When the collar falls down to the 
26°? flange, its potential energy gets converted into kinetic energy. After the collar 


strikes the flange, its kinetic energy will be used (converted) as: 
. 


But since weight are equal Strain energy 





m£,p=2nnt£,9 (Where p is density) * Heat energy 
é = Dissipates in causing localized plastic strain 
ae rel 4 = Some may still remain as kinetic energy for falling further down with 
J 2nbo flange as shown by dotted lines in Fig. (3.21-b) 


Substituting the value of t in Eq. (3.13) 
Uj dly 1 DKss 


ao os Re 
U, 1° Sl, 176 





_arihy 1 2nbs =12Ans, 


Ome, 570, 











Example # 3.15 Find the energy absorbed by an elastic circular rod subjected i 
to a constant torque in terms of maximum shearing stress and the volume of 
the materials. 


Sol". The shear stress is maximum at the periphery of rod as seen in the Fig : 


G.20) Let us consider a small annular section of thickness dr at a distance? 
from the centre of the cross section. 


The shear stress acting on this is t ae Then, 
r 





76 





‘Saran Energy 








8 Here 5 is replaced by du It S ; ‘State Energy A 
To simplify the analysis, we make the following assumptions for the al of stress dae. to impact, pos saad obser deflection, = ees f 
phenomenon. % e.. The expression within the brac} cg the dynamic ¢i, determination .* 
(a) Materials behave elastically and no dissipation of energy takes Place Thus the equation can also be wri Eq. (3. 16)is displacement 6,). 
the point of impact or at the supports owing to local inelastic’ 8, =5, X1F, Written ag called impact factor (Ln), 
deformation of materials. 2 ; 
(b) The inertia of a system resisting an impact is neglected. ; } we ae 
(c) The deflection of the system is directly proportional to the magnitude of Wise suddenly applied load, PN] e 
the applied force whether the force is applied statically or dynami h= 5 
6, =25, — 
With these assumptions we can now apply the principle of conservation af . PS eae é 
energy to derive the expression for dynamic displacement, which is required (ii) For horizontal moving load, let us "a 
to find stress in the flange. Referring Fig. (3.21), again let Sbe the Ae 2 SUME aN arrangement as in Fi 3.20 
‘ ; Kinetic en Me’ ie (3.22) 
displacement of the flange after the collar strikes on it. { ergy Say 
\ 
Potential energy of the collar =IV(h + 8)... ] Strain energy = £48" ar hckee 
where (h +8) is the distance traveled by the collar and the flange. 2 
Mo” 


se tee (3.15) Equating these, we get. §= a 





Kinetic energy = Strain energy = 


PPe_ ABB fe 3AE 
24E 2¢ 


Example # 3.16 A bar 4 m long and 6 om diameter hangs vertically and has 
a 





By principle of conservation of energy, (i.e. equating the above expressions) 
collar securely attached at the I it thaximum 
vs ; y lower end. Find the induced 
fe »(£)-mi+9 when (i) a weight 3000 N falls 10 om on the collar (ia echt or no 
2 falls | cm on the collar. Take E=2x 10° N/mm. 
2 2° We -Wh= 
or, 8°. 7} WS-Wh=0 4 Given, [T-U. 2056 Bhadra} 
Length of bar £= 4m 
ee Diameter of bar = 6 cm ‘ 
E=2x 10° Mmm? 
+i s:fy? Ep) = 
pee a Raa () Mi idi 
. lass of sliding collar ¥=3000N 4m 
ae Reight of fall A= 10 cm 
Now using relation from above, ~ 
We (WE | 44EMn y Maxi induced ‘ aes 
Mt _AAEWA imum i =— "25 
fe ae ne _ mae i 
8 
- But, 5g. __ 3000x4x1000__ 9.9919 mm r 
Put 2 =8 AE n/4x60?x2x10° i273 F838 
[weenie 


i * 


or, 8=8, +s? +2h8, 


4 2h 
or, sa8ie We] inotenssngiceeecentacistehecesnesdaseeseioe OAS 
ht 


B 


oE} 








(ji) Mass of sliding collar #= 30 000N 
Height of fall = 1 cm 
Now using relation from above, 


a ‘ W 2h 
Maximum stress induced Ggax = =i i+ le 


ye 30000 4x 1000 
pot {bt eS 


AE 14x60? x2x10° 
= 0.212 mm 


Sie 30000 (4 fy 4 2%! |a114.21 N/mm? 
7/4x 60" 0.21 : 


Example # 3-17 A rounds prismatic steel bar of length 2 m and diameter 








15 mm hangs vertically from a support at the upper end. A sliding collar of 
mass 20 kg drops from a height of 50 mm onto the flange at the lower end of 


the bar. Determine the impact factor and the maximum-elongation, maximum 
tensile stress and maximum strain energy stored due to the impact. Take 
E=200 GPa 


Sol". 
Static deflection 5,, eS = 0.011 N/mm? 
200x102 xxx! 


4 
Impact factor (LF) =1+ he 2h cis f+ 2x50 _ 95.91 
3, 0.011 














Maximum tensile stress, 6, = ox pp 20293! <95.91 
: eis 
4 
‘ =10649 N/mm? 
Maximum elongation, 8 pax = Sp 106-49 _ 5000 = 1.06 mm 
E  200x10° 
2 
Maximum strain energy stored, U = Ses y 
—s 2 
ret Slaeere 
(106.49) xx “T2000 
“2x 20010? 


80 














=10019.82 N—mm 
=1.0019 kg—m 
=10.02 Joules Ans, 


example # 3.18 A rectangular bean 
200 rm 
over a span of 2 m. A load of 10 kW is mm * 100 mm is free! 
3 ly supported 
fom a height of 40 mm. Find 10 AV is dropped onthe mide ofthe 


induced in the beam. Take E= 1.1x10! ens defection and stress 





(T.U. 2058 Shrawan] 


T Wow | 
40mm 


n 
Falling load, ¥ =10kN 
Height of fall h=40.mm=0.4 m 
Width of beam, b= 200 mm 
=02m 
Depth of beam d=100 mm 
=0.1mm 
_ bd? _0.2x0.1" 100 
12 2% toh b 
=1.667 x10 m* aia 


A 








; 1 Fig. 3.25 
Static deflection due to load F, 
Sc RE, 10x2° 
48ET —48x1.1%10" x10? x1.667%10> 
= 0.009 m=9 mm 


Impact .F.=1 2h 
8e 

=14 fern 

9 


7 =4.134 
@ 8,28, x LF. 


=9x4.13=37.17mm ADS 





(i) Instantaneous stress developed © 
o -M mE ___10x?2__-15000 INI? 


eS 
LBD 4x 2x20 


3s, = LF. x0 =4.134%15000= 62010 KN/m? ADS. 














it deflection and bending stress 
ind instantaneous maximum : 
Example # 3.19 Find = ail supported steel beam of 3 m span ee ‘ 4 
Fe ot the left support by 4 200 N weight in, . 
sh beam. Take £ = 200% 10° N/mm?” 


ding stress when the same load 


k at a distance of 2 
pa a height of 150 mm above the top ef ee 
‘Also find the maximum deflection and the 


is suddenly applied. [T.U. 2057 Bhadra} 
Sol”. 200 N 

Here, 

Given span =3m 


gload = 200N 
Height of fall = 150 mm 
Width of beam =100 mm (b) 
Depth of beam = 100 m(d) 


bd? _0.1x0.1° 4 
Moment of inertial ]="——=————_ = 8.333 * 10m 


12 12 





For static deflection, to find the position of maximum deflection from left 
end, use the formula 


ev e + 2ab 
3 3 


= 1.63 m from left end. 


3 
18... =< 4 Ca a 


as ONZEL¢ 
3 








8 
" 





Maximum defle 





2001/3? -1?)2 
9413 x 200 x 10° x 10° x 8.333 x 10 








= 5.807107 m 
= 5.807104 mm 
=0.0005mm Ans. 
eae 
Now, Impact factor, [.F.=1+ #oh 
8e 








=14 fl+ 2x10 : ss 
0.0005 é 


=716 


82 














Strain Energy 
Bending stress developed at C, 
aM _Raxl__133,33x1 


o == 





7 = 800 KN /m? 
2 Loto? 
6 
=800 AN/m? Ans. 
Now, instantaneous stress developed at C. 
oy =1F xo 
= 776 x 800 kN /m? 


= 620800 KN /m? Ans, 
Instantaneous deflection (Maximum) 


5, =LF.X6, 
= 776 x 0.0005 mm 
= 0.39mm Ans, 


When the same load is suddenly applied, h-0, LF. 
Instantaneous stress developed a C. 
5 = 2%.0005 


=.001mm 





Example # 3.20 Find the instantaneous maximum deflection and bending 
stress for the 50 mm * 50 mm steel beam of 1 m span and simply supported 
when struck at the mid span by a 150 N weight falling from a height of 75 mm 
above the top of the beam, Take £ =200GPa. Also, find the maximum 
deflection and bending stress when the same load is suddenly applied. 


Sol”, Strain energy stored = Internal work done = 





ds 





2 (A Mids _ 2 ff seh 


0 2EI 2El 


2x75? (500)* 


See DONE 


2x 200x103 50 xe 3 
12 
=2.25 


TSN 
Fig. 3.27 


Way = x150%6, = 155y 


Woy = Wi 











225 = 003 mm Ans. 


7. 
2h 2x75 _ 
Impact factor 1.F.=1+ bared =l+ laa = 71,72 


=6, x LF.=0.03x 71.72 = 2.15 mm 


5, = 


Instantaneous deflection 3,. oF 5s 
M 15x500%25 = 1.8 MPa 
50x 
12 


For suddenly applied load, 
2h 
Impact factor =1+ ead where, h=0 


=2 
3g, =0.03%2=0.06 mm Ans, 
Gg, =1.8x2= 3.6 MPa Ans. 


falls through 2 om on @ collar rigidly 


attached to the lower end of a vertical bar 3 m long and 7 cm? in cross-section. 
If the maximum instantaneous extension is 3 mm, what is the corresponding 
nknown weight? Take E=2 x10° kg em”. 


Example # 3.21 An unknown weight 


stress and value to the w 
Sol. We have, 
Instantaneous displacement 
Pe ee ee Sh ie ee 
Yat) AE, 71002108 x 


=2.14 107° W mm. 


But 64=3 mm given, 














6 
32214010) 1+ fie | 
2.14«10-W ) 
OE: 140500 = 281 = SES 
W 


yo 
os, 140000 = W += WW 41869159 - 
WwW 


Solving by trial and error method, W =9119.5 kN Ans. 





Strain Energy 
le # 3.: 
eed sid ae pak weight falls through’a hei 
3 Si iA hi ed to the lower end of a vertical a height of 10 mm ona 
2 ee ee ae extension of the rod ne 5 m long and 600 mm? 
u i . 
corres’ 4 s and magnitude of the be 2 mm, what is the 
ON/m’. unknown weight? Take £=200 
h=10mm=10x107 m 
€=Sm 
A= 600 mm? 
&4 =2x10°m 
For instantaneous stress , 





pace 
eee 


or, on Ee = 200210" 22107 


é 3 
=80x10° N/m? Ans, 
For unknown weight, we have, 


8d =Sst] 1+. ae 
( oa |” where 


es 
AE 600x10~ x 200x10° 





=4.17x10°W 


Now, 






2x10x107 


2x10? =4.17x10% W | 1+,/1+-————_ = 
417x100 





210% 2x10x107 W 
4.17x10% 4.17 x10 
or, (47961.63-W)= VW? + 47961631 
or, (47961.63-W) =? +479616317 
or, (47961.63)° -2*47961.634 +47 =W?+47961631": 


=W+4W + 





or, 





or, w= (47961.637 Seay 
(2x47961.63 + 47961631) 2071 ail 
Example # 3.23 A lift carrying a tolal weight of 4 tonnes moves downward 
What is the maxigwum stress produced on 
upper end is suddenly stopped. 
stoppage is 30 m and the cross 


an a constant velocity of 1 m/sec. 
Te. Stel rope that supports the lift when its 
© free end of the rope at the moment of 








sao om. Take Modulus, of Elasticity of the slag 


sectional area of the rope is 12° 
rope as 2 * 10° kg/cm. 








i W be the weight of the lift that is moving with a downward a velocity « 
After the upper end is stopped the lift travel a distance 5. But actually the lift 
as 3. As the cable was already elongated by 


the distance lesser than 3 
peat ‘Be due to the load 7. The actual displacement would thus be 


§, =5-8st 


Now equating the energies before and after stoppage, we get 
EASst” _ EAS* 











2 +W(S - Sst) + 2 oF 


(Here KE. 66 cable is neglected as it is small) 

We EA 

.  dst=— and W=—— 
since i ; 

EABst 


(a 











+—— (5-8st) Se —8st) 





WEA ees 102 
2665 - 2dr? — 5? + Bet? 
OF, 2g x! 1.5 — dst” — 5° + &t?) 
EA . FA 
=-—(26st.5- 8st? -— 8?) = “(5 — Sst)? 
gp ee ate Bt (bbe) 
or, (5-aup -¥, 2 We 
2g EA EA 
We 
b= 
EA + ot 





gWe 


The stress produced is thus ¢=£8 _” f “ oe) 
a | 


86 











2 
Re2dhiotasI9 


2 
Whi, [UEA |_.4%1000 ; 
a eel Ral i riers 
«30 


=1.83%107 kg/m? Ans 





the kinetic energy of the block before Strain energy of the member is a 
We have impact. 4 pal 


On the other hands, expressing U,, 0/2 
as the work, equivalent horizontal 

load as it is slowly applied at ™, vo 

the midpoint C of the member, we CHP 
can write i 





(Lad op, ana (3.18) 02 





Where y is the deflection of C 
corresponding to the static load P, 
from deflection of beam we can 
write 


12P, 
Fig. 3.29 


Substituting y from Eq, (3.19) to 
(3.18); we get c 
3 

UL ahxp: ytak 
2" 48E 





p23 
48 E] 





1 
=>x 
2 


Solving for P,, and recalling Eq. (3.17), we find that the static load equivalent 
‘© the given impact loading is 


p._ [96U,ET _ [48mg BI 
= = 
e 


Su caterer gases arson 








‘Strain Energy 


(b) Maximum stress: The maximum stress, 
i al to 


section through C and is equi 


therefore, occurs in a transverse 





4s only | 
in bar, 
Ans.. 3.9375 Joule 








Ex.4 A wagon weighing 80 ki is a 


suddenly brought to rest, If th 

. If the length : 
of stoppage. Calculate maximum pene te grese) mat the time 
instantaneous elongation produced. Di: Ous ios and maximum 
E =200 GN/mn?. Pekan wae 





to Eq. (3.19) the expression obtained 


(c) Maximum deflection: Substituting 


for P,, in Eq. (3.20), we have 
eC 48mv, El 


ADS.. 58.833 MN/m?, 1.764 mm 
Ex.5 An unknown weight falls through 15 mm an a collar rigidly attached 


ye Xa 
48 El t to the lower end of a vertical bar 4 m long and 800 mm? in section. If 
mate the maximum extension of the rod is to be 2 mm, what is the 
=\aar corresponding stress and magnitude of unknown weight ? 
Ans, 100x10° MN/m?, 80.N 


Ex.6 A 2 mm long beam rectangular in section 40 mm x 60 mm is 
supported an rigid supports at its ends. Ifit is struck at the center by a 
as kg mass falling through a height of 80 mm. 
‘ind 
(i) Instantaneous stress developed. 


(ii) The instantaneous strain energy stored in beam. 
Ans, 654.507 MN/m?, 588.23 J 





ported at each end and is 
int B, 2 m from the left end 
t B. Take EI =30 kN-m’.. 


A beam of 3 m length is simply sup! 
subjected to a couple of 9 kN-m at a poit 
shown in Fig. (3.30). Determine the slope a 


Ex. 





‘Ans, 0=0.1 rad. 
9kN-m 


WwW z 5 Cc 
}<$—$—_$_— 2m 41m 
Fig. 3.30 


Ex.2 A metal specimen 1.5 m? in cross section stretches 0.05 mm over 10 
Calculate the strait 


cm gauge length under an axial load of 40 kN. 2 
energy stored in the specimen at this point. If the load at the ait 
limit for specimen is 60 kN. Calculate the elongation at the elasti 


limit and resilience. 
Ans, 533.33 GN/m’, 0.0075 m™ 





RR 





Se 


Virtual Work Method 
4 
VIRTUAL WoRKMetuop 
4.1 WORK AND COMPLEMENTARY Work 








Fig. 44 


The area above the line OB is complementary work such that for a linear 
System, the sum of work and the complementary work is equal to zero. 


42 DEFLECTION BY METHOD OF REAL WORK ; 
AS described earlier, the external work done (#7) which is the input energy in 
the structure is stored in it as the internal strain energy (U). By the principle 
of conservations of energy, these two quantities (W and U) can be equated to 
find the deflection of a structure. The procedure is illustrated in the following 
Samples. This method of finding the deflection is also called as "Real work 
method" since work done by the actual loads are considered. This tte 
however faces problem when there are several loads applied in the str 

nd deflection is desired not at the point of application of the loads. 


r 3 work method. 
"xample # 4.1 Find the deflection at Bin the uke ay cea “ 
Sor 
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aceon oi i P jig the average load) 
w=54 G 
F strain energy stored ne 
Ue Er 
2(# 
~ do ED 


2ET 
Pe 
GET 
ing Wand U, we get. 
| Equating W an Pp. Pe 
i a eT 


els 
me BRT 


Note: This is also illustrated in the chapter of strain ener; 


Example # 4.2 For the structure shown, find the rotation of 


of real work. Take EI constant for all members. ? 
B 


l 


4m 


20 KN! | 
SF ope Ait), 


Fig. 4.3 


Sol". The total strain energy stored in the structure is the sum of theenera@ 


stored in the two members AB and BC as. 


U gc =U gg + U 5c 
“M2 de pie 
Une= La? M=20 which will be constant along CB. 


6=(B=13? +4? =5 
2 2 
= (207g, 207 ,_1000 


=— j= 


' 2El ET” Ey 
ED 92 





‘gy method. 











‘Virtual Work Method 
M? de 
UU, = (= 
4B f 2EF (Here also M =29 from B to 4) 
= [20d 20% 4.800 
a are 
y,, - 1000 800 1800 
IF ee 
El ot Ey 


External work done = imo = ile 20x68 
2 


From the conservation of energy, L H9=U, 
2 


or, = =x20x68=—— 


4.3 PRINCIPLE OF VIRTUAL Work 

It is always possible to imagine that a real Structure system in static 

equilibrium is given an arbitrary displacement consistent with the boundary 

condition. During the process, the real system of forces undergoes imaginary 

displacement. Alternatively imaginary or virtual forces in equilibrium with 

the given system can be given real, kinematically admissible ‘displacement. In 
ler Case one can formulated virtual work, which is the product of real force 


and imaginary displacement or the product of imaginary force and real 
displacement. 





If a rigid body in equilibrium is given an arbitrarily virtual displacement, the 
total virtual work done by the external forces must be zero. The internal 
forces need not be considered because; the distances between any two points 
in a rigid system must remain constant. But in the case of deformable body, 
the virtual work done may be caused by real forces acting through virtual 
displacement. According to the principle of conservation of energy, the total 
virtual work done by the internal and external ae ona cements 
must be zero. Bi lying the conservation of energy one. n 
deformation of Te onikh will be illustrated in the following section. 


4.4 APPLICATION OF VIRTUAL WORK _ : i 

The principle of virtual work is used to derive an ieee ies 
finding deflection of structures. Let us assume | be ae a 
initially applied at C in the beam in Fig. ( ee 

deformation in the beam as indicated by the dotted line. 

















“Virtual Work Method 


Fig. 4.4 


Now, let a real force (A) is applied at D on the same beam. The force (A) 
brings additional displacement in the beam and the deflected curve of the 
beam is indicated by the continuous line in Fig. (4.4-b). The displacement, 5, 
and 8, are brought by force R. Our interest now is to find 5,. The force V* 


rides off and the external virtual work done is given by W.., = v8, 


The internal work done by deformation is the work done by stress resultants 
(Moment in this case as deflection due to axial force and S.F. are neglected). 


Thus Wi is the work done by moment M" caused by the unspecified virtual 


force V° acting through the bending deformation (angle change 48) 
produced by real force R. 











aur M 
Woe = [MH 8 But d0=— dr 
M’Mde 
or, Hox = \s— py 
Now by principle of virtual work, 
Way = We 
o, = x8, = MM de 
EI 


If V*=1, (4.1) 





This indicates that under the application of unit virtual force, we get an 
expression for deflection due to the real load system. The unit external force 
can be in the form of either a force or a moment depending upon the form of 
external displacements that are to be determined. In the above expression; it 
is to be noted that M is the internal force (moment) brought by real force R 
and M* is the internal force brought by the virtual force V*.The expression is 
useful to find deflection by unit load method. The process to find the 
deflection by this method is thus described in the following steps. 


(i) Determine the internal force (M in th i the 
application of external forces. ica 
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{5DEFLECTION OF TRUSSES ‘ 
: in the trusses \ 
pe internal forces in are the member f 
Tm eflection is obtained by replacing M and y* Seer ina 
thus becomes ° - . 
FF £ i 
8-5 a sesctrti (AQ) 


Example # 4.3 Find the defection and slope at point B ‘ 
using unit load method. Point B of the cantilever beam 


A 
j= 
$14 
Fig. 4.5 : eae 





For deflection { d 
Step 1. ae the expression for moment due to the external load (M) for the 
‘am. : 





}—_— 4 
M=-Pz 


Sep 2. Remove the external load P and apply a unit load ) ae : . i 
where deflection is being’ computed) and : e 
Moment (M’) ac 








‘b03 Use expression for deflection, i.e. 


< MM ‘de 
é2 =a 


EI 
tng 


< { Cals = [ewes |e] 5 





Pe? 
acre Ans. 
(The direction of the deflection is downward as of the unit load) 





b) For Slope : Ger 
on find slope, similar procedure as above is followed but the unit load toh 


applied here will be moment. The applied moment produces slope (to be 
f determined) whereas applied force produces deflection. 


* Step 1. Find the expression for the moment due to the external Toad (s 
{ above) Pp ie og 
f Wf, 
t M=-Px 
Fig. 4.6 


Step 2, Remove the external load P and apply a unit moment (not force) a 
point B and find the expression for moment in the beam. «,* 


tz gmt 





Step 3. Use expression of slope 











_ (MM de 
=f H : 
= [CRE = Pe} pp? situ 
EI 2ET |,” DT Aus. cane 
Example #4.4 Find the deflection at the centre C of the cantilever beam 
Pp 
re See, * 
— ; 3 
ee ae 


96 Fig. 4.7 











the beam. Consequently, the limit ofinegraton sascha whole spah of 
P ay 
poe ed, 
% N 
i 


For M 
For M 


The expressions for M and M’ are shown 


in the followin 
convenience. Now, lowing tabular form for 






































Segment | BC a | 
a= [ie aoe ui 
* je HI aH Origin B c 
4 ee tl) ¢ 
—-A +r (-2) Limits 0 Got 
y 
4 (Pr) .0 Ls }k 
= dr+ | ———_ > 7a 
age (ae 
rd a ue =os°| -Le 
P| Ae Ka 
-2if andes [Pata 
see ac 
EI\3'2°4 3x8 
3 
a5PO ane 
4851 


i it C in the 
Example # 4.5 Find the slope and deflections at points B and 
- cantilever beam loaded with uniformly distributed load of w as shown. 


wkNfm 4 
Ost 
t <—_+ 
pL — 4 
2 (a) Given beam cf 
Fig. 48 








‘Virnaal Work Method 


Sol. Let us draw the diagrams to find the expression for M and H” as in yy 
previous examples. 


a a AB. ‘a 












































(Chosen different to B 2) Doe to unt moment or sope at 8 
the previous problem) = t 
7 : 
Limits o>5 $70 ‘4 a 
eee eae 
we} 2 4 wi 

M “a1 a ©) Due to unit force for deflection at B 

WT due to units 

moment =] <4 ik Example # 4.6 Calculate the slope at B and deflection at C'in tte « 
a5Fig. 0) 4——)—_ supported beam loaded with central point load shown belo © @" St S™BlY 
M due to unit load = z a a 

at BFig. (c id i w 

doe  unitmonet | 9 : 4) Dus to unt moment for slope st ¢ 
at CFi = A 
Fi T am(:) 
Mf due to unit load r -(--4 Cc 
CF 
at CFig. (¢) $4 __ *—f4,—+— : 
ex 8) Given beam 
(©) us to unit foree for deflection at C . 
. Fig. 4.9 
> (i) SlopeaB 0, 
0,= meet ux? (= Sol”. Let us draw diagram to find the expressions for M and M’”. Let us also 
El 2 El write the expressions for M and M” systematically as in the table given below 





and compute i: ia: 
w fz] we ipute the required expressions. 


“asl “ee Aut 


(ii) Deflection at B. y, 


=fe@y pf. wv [an 
ya fe = aa | 





“3p Als 





ee 


Virwal Wort Method 





<e the origin at B for 
choose Segment CB and 4 
ors can also Choose B as a origi: 4 for segme 
one can @ Origin for both the AC. Altematively, 


> G Te 

















ot —_f dose. the expressions for'M will be different Seements (BC and Ch, in 
4M =(--3-)) leer : 
Raat t Rest le # 4.7 Find the it e 
_ amp! maximum deflection ‘ 
© (@)ForM (stope atc) e pao loaded with uniformly dstiyees Of the simply supported beam é 
of load of won its entire 
. Span. 
t sol”. ae \ 
5 s A 
— 
a babel = c woege 
7 t E Re> % Re= Zt 
Rey Ray 8) Form Patty 
(@ For M (deflection at G) Mer Sy 
y 
a 
A 8 
PY, \ de 
a tS -2ai{S Ret Wat" yal 
EI 2. 6 JE 2 - Ey 2 
(0) For Mi (siope at C) 
Fig. 410 








Now obviously, the maximum deflection would occur at C and its value is 
given by 








1 [we se 
(ii) Deflection atC = 8, EI} 2x23 44 
5 [2 MM ar_ pe( Wz V2) er ‘(me \2\& fee Am SW 

aes ees) “Lotkia PL 2 AE oy 


5 7 
Eample # 4.8 Compute the ene at Fe tthe fang town boo. 


a 


eke £= 207x108 MPa and /=10" # 








ee aoe 
The procedure adopted in this problem indicates that the origins for 1 
segment should not necessarily be from one point only. It is convel™ 
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Oe 





Virtual Work Methog 


‘Virtual Work Method 





* The problem is solved as similar to 
So" sions for Mand I’, the support sto oars of beam. To find the 


: . 
Sof", Let us draw the diagram for M and M' xpress 











B 2 
ie f 
i SOKN| 
m A 
bH,= 50 ‘eon 
Ra= 16.67 





First let us find the reactions for Fig. (a) and (b) ively 
LF, =0, H,=S0-kN : 


Writing the expressions for M and M*, IM,=0, Ry x6-50x2=0 
we have, 
] a te fy == 21667 iv 
te dt 2) eae 
5.= [um S = [0+ {hoe -252*}-0252) 5 IF,=0, © -R,+Ry=0, of, Ry =Ry =1667 
de For Fig. (b) 
= [(¢-2.52? +0.6252°}— : 
Kt 2522+ 2") Shad te 
1 # a IM,=0, Ry x6=0, Ry =0 
aay St SE 4=¥, pXO=U, hp 
=F, =0, Ri, +R,=0, R,=0 


__13.33__—13.33x1000 


Now, writi i in tabular form, 
EI 207x10° x10~* writing the expressions for M and M’ in tal 


mm 

































=-0.644 mm (Upward deflection) Ans. = — 
H Section | Orig | Limits M 
2 : . é in | forz a 
Example # 4.9 Determine horizontal displacement of joint’ D under 
application of 50 kN load at E in the frame. Relative 7 values are indicated Cm er a We Pa ee 
along the members. Take E= 200 x 10°kN/m? and [= 300 x10 m* 
Bp | =s00'2) 
; é ‘i és E | 042m 
2m 
} SO KN Bc 
2m Dc 
L 





Note. = ig J. These need to be 
ic! Value for BC is 21 and forall ther member, iS 


“SSiuted correctly as inthe 6th cokumn ofthe above abe : 
a, 





Virtual Work Method 
Substituting this value of 7,.; : 
Foc in equation (i, 












Now, 
4000 Fyc = 400 kN (Tension) We get 
z “ Bq 0 SET Step 2. Now, apply a vertic; one 
: > = ui) = and find F* forces. The joint boniee at C 
3x 200 x 10° x 30010 analysed as before. However cond 
=22.2x10" m Ans. directly obtain forces with the ie be 
previous calculation due to sy Ip of 


load application. (1° also is applied at Cas 


400 kN load). B 





le # 4.10 Determine the vertical deflection of the joint C of the crane 









































Examp! uM 5 
shown in figure when a load of 400 kN is suspended from it. The cross 
sectional areas of AC and BC are 30 and 70 cm’ respectively. Take rds 400_ Hebe 
E=2x10° kg/em? c : ae = 709 ension) 
p,, — 692.61 _ 
400 kN ae = 490 =1.732 (Compression) 
Step 3. Now, complete the followi - : ; 
Ly ea e following table using +ve 
aZpD> and —ve sign for compression forces, ing +ve sign for tension forces 
Member e 4 f EAE | 
AE der 
Y Me 500 30 A667 6668 
B : £ 
ae 86 70 1237 14839.06 
Fig. 4.13 £ Ez 
I. Sg pew £ = 2150706 
3 eal lod 5, -Sr h a Oe 


Substituting the value of. E, we get 


Step 1. Let us first find the forces F on the members due to the ext 
2 
8, = 2130706 | 1 075m Ans 


by using method of joint. Cutting the joint C, 















IF, =0, 2x104 

or, Fy €0830° ~ Fy cos60° =0 Fa Example # 4.11 Determine horizontal and vertical deflections of joint C of 

or, Fy = 0.577 Foe -- the truss shown below. Take area of member AB as 10 en’ and those of 
ZF, =0, embers ACand BCas 15 an’. B=2x10° kN/en’. 

or, — Fy sin 30° + Fy, cos30° — 400 =0 600 KN 
Substituting the value of Fyc in equation (ii) we get, g 

— 0.577 Fye sin 30° + Fy, cos30° = 400 
Pins Dee “08 = 692.61 kN (Compression) A 
(- 0.57 sin 30° +cos30°) eo pea 
Fig. 4.14 
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‘Virwal Work Method 


Sol”. (i) Vertical deflection of C 
Step 1. Let us find the forces (F) 600 kN 


due to the external load 3 


<M,=0, 
or, Ry x8-600x4=0 
or, Ry =300 kN io 5 
<F,=0, 
or, Ry + Ry = 600 Ra Re 
. Ry =300 kN 
At joint B 


eS 


@= tan” 3=3687 = 36.87 


LF, =0 
or, —Fyp + Foy 00836.87° =0 


or, Fy = Fey 00836.87° 





= 300 


— Feq sin 36.87° + 300=0 
or, Fey = 500 kN(C) 





ing this in equation (i) 
Fy, = 400 kKN(T) 


Atjoint C 





Fe, c0836.87° — 500c0s36.87° = 0 0 Gar 


or, Fey =500 (C) Fx ey 


Step 2. Apply the unit vertical force and find F’ forces 


Since the location and the 

direction of the unit force is 

exactly at the same point as of c T 
the external applied force, and no 

other external force exist, F 7 
forces will be at proportions of F y, al 
forces as given below. It is not 

necessary to analyze the truss to 





Ra Re 
106 












































Virtual Work, 
find the member forces due tor Method 
in such cases. 

» 400 
Fy, =——= 
arr 0.67 kN 
ig = a 
cn = Fog 7087 KN 
500 
Fy === 
Ac = Fog 0.83 kN 
Step 3. Tabulation of the forces and calculation of deflecti 
(6=2x108 kN /en?) ion, 
| Member é A F aes = 
[ AC. 500 500 0.67 fez p 
[ac 500 300 -0.67 1.056 
[aa ca 400 [083 [oss + 
eet 
6, = = 
rT 1.245 em 
Ans, 


Horizontal Deflection of C : 

Step 1. Since joint B in a roller and the joint C is pin jointed, the point will 
move in horizontal direction towards right. The joint A being hinged, 
it cannot move. As we need to find the horizontal deflection, unit 
horizontal force will be applied at the point. f 


Step 2. The force in the members due to external load will be same as 
before. Now, apply the horizontal unit force at C in the direction 
shown and find the forces. (F') 





=M,=0, 
Ry x8-1x3=0 
3 
or, Ry=s 
XP =0, 
-H,+1=0, 
A,= 
=F, =0, 
R,+R,=0 
3 
R,=-= 
toes 








Virtoal Work Method 





Virtual 
= sol”. ‘Work Method 
Atjoint B : Fes Gtep!- Let us first find the forces F due to the 
F, sin3687° => forces 
ae sM,=0. ea 
of, © Fey = 0.625 (C) . 3687 \ B z 
=0 
= °-05 (7) Sh 
Fg = Fey 0053687° =0.5 ( i ae 
At joint C 


= Fy 00836.87° — Fes cos36.87° +1=0 
or, Fye = 0.625(T) 





Fea Fcs=0.625 


Step 3. Tabulation of the forces and calculation of deflection 
E=2* 10° kN 












































AtJomt D 
7 T 7 7 -£ TF, =0, Fe =0 
basctsrah yep F Fr LE, =05 a =" F D 
je ee 7% ae | | AE LF, =0, Feo =P (T) 
[ac 300 | 15 | 1emio™ | soo | +0625 [| -0.052 : 
BC 300 | 15 | 1.6710" r 500 —0.625 | +0.052 Ro-P 
AB 300] 10 | 4xto* | +400 | +05 | 40.08 
° 2 
Boy =F £0.08 om bas AtJoit A 
The calculation of vertical and horizontal deflections can also be made in the oe cs 
J : EF=0, Fy=P(T) P ie 
same table. The next example illustrates it. = 
‘ LF, =0, Fy =2P (C) 
Example # 4.12 Calculate the horizontal and vertical deflections of the joint 
Bof the truss shown below. Fle 
AtJoint B 
Sets % FP B 
LPL =0, Fay = Foc 60845 P 
P 
or, Fy. = = 
ar) 1.41(€) Foc Foo 
109 
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‘Virnsal Work Method ._ Vittual Work Method 

? re B 

4 a B q Ae 
Now, for vertical displacement at 2, The negative 5v indicates that the deflecti sg 
para er nit jrection of unit vertical force applied, een OF the Fei Opposite to the 
For equilibrium of joint 4, example # 4.13 Find the vertical deflecti 
ay lection of the joi 

ae Sow Tke Eada cnt rl he meio a 

Fye= members I. : e 
For equilibrium of joint D, wes Leet c D 

Foy = ec | 

1 
and Fay =1(C) ag Ro 





apply a unit horizontal force as shown in”, is P 





0 3B 
Atjoint B 45) 
Feg 608 45° = 0, Fx =0 
Now, for hoNzontal displacement at B, Féa Fb, 








































































B 
the figure. a Fig. 4.16 
EM, =0 Sol ad ‘ 
He=0; Step 1 First determine the forces due to the external force, 
Ryx=1xl 2. Rp =1 
TF, =Oat joint D gives mM, =9, f 
Fey =0. ZF, =0, Fay #1 (C) or, «Ry X2L= PE g D 
bab ee 
Equilibrium of joint 4 gives c D or, Ry ay 
Fy =0, Fye =0 Be 
Re Ro=1 i 
Step 3. Tabulation of forces and calculation of deflection 
% ~t 
Member £ A F Po) + i Poe Atjoint A, Bs Fac 
AB ae P 0 0 4 , | LF, =0, Fyp = Fye 008 60° =0.5 Fyc / 
ths Oe oe ae ae A Fae 
4 x ea “5p P 5 o ; » =0, Fyp sin 60° = 2? Fyp = 0.577P 
| ; Pe Pe ae : 
| ap t A Pp 4 = of ce Substitution of value of Fie. above gives, 
Fyy =0.288P 
cD A aE 
é ; 0 ) 0 0 0 Atioint 
Laie 2.803PE IP =0 : 
cB 4| | -.ap SE 0 0 ap 0.677P 
a %, 0.577 P cos 60° + Fr, e0s 60° = Fao 
5 0. 
3 _ 3.802PE BES & ZF, =0, or, 0.577Psin60° = Fez sin 60 
AE ~ AE 
110 ren 





— - ee ee 


Virtual Work Method 


or, Fig = 0.577P 
Substituting Fy. above, 
Fe =0.577P cos60° +0.577 


By symmetry of loading, 
Fyc = Fon 
Foe = Foe 
Fy = Fen 


Step 2. Now, apply a uni 
equal to the forces di 


due to symmetry as s! 






P cos 60° 


0.577 


=0.577P 







































































t vertical load ‘at E. The forces due to unit loads are 
tue to the external load divided by its magnitude p 
hown in the table below. 





B 
Ha " 
Ra r Re 
Member t A ¢ F Fr pt 
ma : aE 

aE 7 A t 0288? | 0.288 0.08 
aE 

AC 7 A t =osTP [0577 | 0033 
AE 

@ t A t -0577P_ |-0577 | 0.33 
AE 

e é A t 0s77P | 0.577 033 
AE 

EB ¢ 4 a 0.288P 0.288 0.08 
DB zd 

: 4 eer =os7P | 0577 | 033 
DE 7 7 “ 

ne -0S71P | =0577__ | 0.33 
3 AE 

so EAPE LIS ys 
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Virtual Work Method 


example # 4.14 Find the vertical 


and hori: ; 
truss shown. Take A and E constan| horizontal deflection 


it 
t for all the members, ar ipee O Bit tbe 


step 1. First find the forces A 
in the members (F) due to the J 


external load. 
3m 
‘ B c 


2m ——+4-—— 2m 
8) Given truss 


Fig. 4.17 


Sol”. 
AC=V3? +4? =5 


2Z¢=tan" 3-36.87" 


; EC. 
c0s36.87° ie 


eee 

cos 36.87° 
=AD, 

DE=72.5? -27 =15m 


Bo=W1.5? +2? =2.5 m 


At joint C, 
Foo Sin 36.87° = 400 Foc 
or, Fe = 666.67(T) 
Fag = Foe 0836.87° 
= 533.33 (C) 


DC= =2.5 m 





BC. 


At joint D, 
IF, =0, 
~ Fy c0836.87° + Fog c0S36.87° + 666.67 cos36.87° =0 
Of, Fyy — Fy = 666.67... i) 





=F, =0, 


Fiy sin36.87° + Fyp sin36.87° — Frye 8in36.87° =¢ * 
Pay + Poy = 666.67 «0. Lis 
Fy ~ Pop = 





Solving, F,, =666.67(T), Fox =0 


rf 3 


Virmual Work Method 


‘Step 2. Apply a unit vertical downward force at Cand find the forces (F ). 











666.67 
Fa =~400 

666.67 
Foc =~400 

533.33 
Foe = “490 


Now, apply a horizontal unit force at C and find the forces (r) in the 


members. 

=F, =0, 

Foc Sin 36.87° =0 

or, Foe = 0 
Foe =1 








Atjoint G 
ZF, =0, Foe sin36.87=0 Foc 


oF, Foc =0 36.87 PE f 
fF =1kN Fac 


At joint D, 

=F =0, 

OF, ~ Foy €0836.87° + Foe cos36.87° =0 
—Foy + Fr, =0 ... 
EF, =0, 
Fo Si 36.87° + F,, sin 36.87° =9 
OF, Fry + Fog =0..... 
Solving (i) and (ii) we get, 
Fu, =0, Fry =0 









14 








-ve sign shows that the deflection is Opposite to the direction of unit 
horizontal force applied. 


Example # 4.15 Find the horizontal displacement of joint D of the pin 
jointed framed structure shown. Each bar has a cross sectional area A and 
Young modulus of elasticity E. 








Atioint p, Fo _ __D 
fo sings? <y 


Fy =141¥ (0) 
Fy 008 45° = Foy 


& Fey =1.41 Wcos45°= (T) 


ns 




































































fork Method Virtual Work Method 
‘Virtual W< 
Atjoint E, Fee 
1.41 cos45° =F 1.41W 
Fea i 
or, Fr =#(C) c 
ae in45°=2 (7) Fre IVE 2. 450 Foot 
on, Fg =I + LAI sin 45° = 20" ( Z 
Fac: 
Foe=0- 
w 
Atjoint step 3. Tabulation of forces and calculation of deflection. 
ao oe 
Fig + Fy cs 5° =. [mice | ee ee ee ee 
or, F,, sin 45° = 210 Fee H Foo=W ——— 7 L 4E 
ib EET 4) a BC 4 7 ae oy) ed 
Kg =p 2B IC a 
ia cu sin 45° ‘ For” Fog=2W or) t A ft = j We 
Substituting this in equation (i) ae _ | a: me 
o= = - 
Fig =W +2.8307 cos45° =30(T) = ie 5 fe a3 3 1 
i i: alculate the member - 
Step 2. Now Apply a unit horizontal force at D and calc rn r a F Z; Zz = ; . 
forces (F’) a eee 
AC 20 A we 2.830 0 
AE 
t 
cE é A = w 0 0 
=| a Saar AE: = 
LIF*e we 
by= peak 
aR AE Ans. 





Atjoint D. 

or,  — Foy + Fey cos45° +1=0 

and Fypsin45°=0, or Fy =0 
Fo =1(7) 


At joint £, 


Fre =0 
Fey =0 
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Example # 4.16 A truss shown in Fig. (4.20) is hinged at A and roller support 
at D. It carries point loads at B and C. Find the horizontal deflection of the 
support D, if the area of cress section of each member is 50 on’. Take 
E=2 10° kg /em? 





Si, 





Work Method 









clear from the previous examples that the first step in the 
of deflection is to find the member forces due to external forces, 
‘ometimes convenient to find the member forces due to the 
unit force first specifically when the forces in a number of members are zero, 
The members with zero forces due to the application of unit force is then 
identified and forces on those members due to the external forces are not 
computed as the product FF* would ultimately tum into a zero quantity (F+ 
being zero). This can save a considerable amount of computational work. The 
following example illustrates this procedure. 

1. Forces due to unit horizontal force applied at D. 


Sol. It is 
computation 
However, it is s 











Re 
On careful observation of the above figure, it is clear that the unit force 
induces member forces only on the bottom members. The forces in all the 
other members are zero. Only a mental calculation is required to know this. 
For example at joint D, since Rp =0, vertical component of ED has to be 
zero. We can proceed to other joints from D to determine the forces in other 
members. 


2. Member forces due to external loads. (Note: only bottom member forces 
calculated as explained above) Gx 








=M,=0, 
Ry x30=12x £49 x26 
or, Ry =10t, Ry =12+9-10=11¢ 


118 





Joint D, 

Fry sin 60° = 10, 
= 10, Fey =11.55 
) 55¢(C) 
F gp cos 60' =F =5.77 ¢ (c) ) 


Joint A, 
Fyg Sin 60° =R 
= or, F394 
Fy Cos 60° = Fy 4c =12.7 (C) 
or, . Fug =6.35 





To find the force in BC, 


Bes rats Pass the section x 
considering equilibrium of left h; Fak and take moment 
3 and portion of the truss, about F 


Fryp 2.1 ee 
‘ec * 6+12x>-11x4.5=9 


or, Fye =12.11(7) 


3. Tabulate the forces and calculate the deflection. Take E 





















































210° t/ em? 

Members é A ote F : 
B ta oF AE i ures 
a . 
a 00. 50 2107 Tea ous 

300 [50 2x10 - | 5.77 — ton 

& It, X=0.072 
DH 1 .072 cm Ans, 


Example # 4.17 A steel truss of span 15 m is loaded as shown in Fig.(4.2 
5] lo 
ss 
he cross aa tional area of each member is such that it is subjected to a stress 
o mm. Fine ie _vertical deflection of the joint ce 
ee deflection of th C. Take 


B E 
150 KN 
bh}—§sm ole 





5m———>|+ 
Fig. 4.21 





4 Wirtual Work Method 


Sol". 


Step 1. Member forces (F) due to external load Fc . 





H420. 






B 
R,=100 


The stresses are given as > 


carefully, one can produce a force diagram as in the above figure. 


Step 2. Apply a unit vertical forces at Cand find member forces (F’) 


EM,=0, — Ryx15=1x10, Ry=% N 


Atjoint A, 
1 


Fy, xsin 45° =— i 
3 or, Fy =5N2N ©) 


1 1 
Bi = VP -c0s45? =5 (r) 
Atjoint £. 
1 
Fy = 7 V2-c0n45? =3N (7) 


1 
ae er ee 
ie = VD in 5 =v) 


Vass 


150 kN Ro=50 


F _100 N/mm?. Observing the structure 








Atjoint D, Vital Work Methog 
Foy sin 45° a2 : 
3° OF Foy =2.3 (0) 
F, a2 "mee | 3 
m3 cos 45' =3N (r) 
Atjoint C, 
Fey =1N (7) 
2 
Fy ==N (7 
py Fes = Fag =H (2) 
Atjoint B, 


Fgp 008 45° = Fy = 1 
a3 of Fr = 52 N(C) 


Step 3. Tabulation of forces and i 
calcul: lection 
£=200 kN /mm? = 200000 N/mm? gio 


Members t FS 
4 oF Paes 
AE 
























AE 
a ae 8 1.67 | 
af pon) -100 ie aE 
= 5000/2 -100 iF ; 
pe 5000 = 
& 5000 100 








usta torte footie foie ele 











0 1 


100 “sf 

















5000/2 
a or 





8, -y 7-916 


Era 
erie # 4:18 Find the vertical deflection of the node B of a pin jointed 


loaded as shown. Take AE constant for all members. 











‘Viral Work Method 


Sel*. 


Step 1. Member forces due to extemal load. 


M,=0 
or Rex9=4x3 





= 4.808 xcos33.69° 
=4kN (TY 
Joint B 





Fee sin 33.69° = 1.33 
Fac= 2.403 kN (C) 
Again Fay = Fae cos 33.69° 
= 2.403x cos 33.69° 
=2kN 7) 
Joint E 
Frye sin 63.43° =4 
Fec= 4.47 kN(T) 
Again 4—Fyy + Fee x cos 63.43° =0 
or, Fry =2 EN (C) 





Obviously, we have, Fep= 0 kV 


Step 2. Member forces due to unit vertical load. - 


M,=0 
Ry x9=1%3 


Ry =5=0.33 kN 


Again, Ry +R, =1 
Ry =0.667 kN 





2.67 














joint A 
ca Fy: Sin 33.69° = 0,667 


Fyc =1.202kN (C) 
again, Fy: = Fyc €0833.69° 
= 1.202 xcos33.69° 
=1&N (T)- 


FacSin 33.69° =0.33 
Frye = 0.6 .N(C) 
Again Fap = Fae COs 33.69° 


= 0.6 x cos 33.69° 
=0.5KN (1) 


Joint E 
Fre in 63.43° =1 
Foe = 1.118 kN(T) 
Again 1— Fay + Foe xc0863.43° =0 
Fin =—1.118 x c0863.43° +1 
=-0.5kN (6) 
Obvioust , we have Fop= 0 kN 












algis 








we 
& 
& 









lelelt 








+) 5[8 ls 
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‘Virtual Work Method 








Example # 4.19 For the planar structural system shown in Fig. (2.23), made 
of aluminum, determine the vertical deflection at D due to both bending ang 
direct (axial) stress. Consider only effects of applied load 48 KN. For the rod 


2 and 1=20x10° mm* ang 





A=500 mm? for the beam A=400 mm 


E=70 GPa. 









Ry x4=1x2 
2 
Nya Geos kn(V) | 
Again, UM, =0 | 
Rye %4 1x6 
AB KN 6 Hedin 
Fig. 4.23 Reo = als kn (t) 





2 





For re 











He32 kN R, 15 ‘ 
Foy = vs 
Ane 48x 2 f ne anaEA sR” 
or, My =24 kN al Aga, (Ege fase 
Again, SM, =0 op =V 
=2kN 
Roy X42 48x 2 | D ’ 
Rog = 24 kN H=32 kN 1 when | AN vertical force is applied at C, this force causes are axial force 
:R, iH on member CE and in the part AC of the beam. Owing to this force bending 
eo Rae 24 KN 48 kN Moments are also caused in the beam AD. So deflection at point C depends on 


2m oe — 2m — pe — 2 — 





force and flexure. 













member EC ° 
chee A FR'C. MM *de 
tan == Hence deflection, belo (= 
4 3 ‘48 KNem) 
or O=tan '(3}-s687 
4 
R 24 
Fxg = = 4 _ = 40 
Ss 0 sin36.87 weer Baer 
M-dingram 
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SAFE _ 1064000 _ 0,0152=152 mm 
or, Jp 70%106 


MM'de 
Again, 


ais ee 
EL 


2 (242-052) dr, { (48-242) -0+ 0.52 


2 eer aaa 


ET 
2 Hs. ae 


=~ Ey 70x10" 20x10 


96__ 9.96857 m =-68.57 mm 


1400 


jisplacement 
15.2) mm =53.37 mm Ans. 





Example # 4.2 
applied force of 5 kN 


deflection caused by shear- Take E=7%10" 





0 Find the downward deflection 
’ in the structure shown in 


MM‘de 


cuts | wee, ae 


\de+ fox 





KN] m? 


Sol”. 
For real loading 

IM, =0 

5x5=R,*3 

H=17.77 KN. 

» Ry, =8.33 kN 

Again, LM,=0 Ry=8.33 kN 
Rog X3=5%x8 


(Rpg= Vertical force in member DB) 





agit 
. ne = 585 = (333 kN 





(-lz)x dr 
EI 





n of the end C caused by the 
ig. (4.24) below. Neglect 





13.33 
sin 36.87° 
222.22 kN 


2422.22? - 13.33? 









Again, XM,=0 Ar 
— 3 

Rigg X3=1*8 24 58 el 
R, = 222.667 kN - 
Rp =H mpi ae fore 
Now, ve 
p, - on _ 2.667 
yg = 

sin@ sin 36.87° Skim 
=4.44 kN M diagram 
Again H pp =V4.44? — 2.6677 

=3.55 kN 


Here, when 1 kN virtual i causes 

force is appli i i 

eee ee karen. etek aoe 
0 are also caused i i case 

alee ated sila beam AC. So, deflection of point C depends on 

FRC | (tMM de 


Deflection A =>. & 
AE EL 





Here, 


[Menber TF; 

i di Fay | em [Aw UA 

le 23.22 re 375__| S107 a 739926 
TT 3.55 i 50x107 mi 137850. 

















: 
rom the table ota mr6.1 
or, yFF'e 

7001 m=. mn 
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s(x) (-Sz) de 
El 





333.343 





EI 
_ 333.343 
= 7x10? x6x10~ 
=7.936x107 m 
=7.93 mm 
Total deflection 
A=7.93+1111 
=19.04 mm Ans. 
Example # 4.21 Points 4, B and D are pin jointed. AB is RCC beam of 200 mm 
D is a steel wire of 10 mm diameter. Find the 


breadth and 400 mm depth. Bl 
vertical deflection at C due to bending of beam AB and axial tension of wire 


BD. Take Ey, =2%10° kg/em? and Evgente = 110° kg/m? 


D 
+ [T.U. 2055 Baishakh] 
2m 
4kNim 
» 
A Cc B 
3m . 3m Bin 
Fig. 4.25 
Sol". s 
For real loading 
=M,=0 


R, x6=4x3x8+3) 


go 
6 
=9 RN 
=M,=0 
Ray X6=4X3x1.5+8x6 
* Ryy =11 kN 
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Now using force triangle, Virtual Work Method 
inclination between wire and beam 
a(2 
w'() sea’ 

=18.43° ee 

P Bg All bh 180 —5\ = 
08 Sin@ sin 18.43 ee =a 

= 34.785 kN 
Horizontal component of Fog 

= 34.785? -117 

=33 kN 
For virtual loadi 





When 1 kN virtual load is acting at point C downward direction. 


IM, =0 
eise 


R,x6=1x3 
3 : 
Ry Ta kN 
=M,=0° 
Rgp X6=1x3 = 
1H é 


° 
3 
Rep =—e kN sien 


= Rog ne 
Now, using force triangle 
Rog 
=1.58 
ane 
Again, horizontal component of Fos watey 


= 1.58? 05? atsu he 


1.5 kN 





Fog = 





When 1 kN vertical force is applied 
bear is force causes axial foros on 
Stee owing to this force, 
the § Moments are also caused in 
c beam 4B, So, deflection at point 
fg e on axial force and 
"ence, deflection anzFe, pa 

AE I = 








‘Virtual Work Method 


Now, deflection due to axial force, 
























































a 7 
Member ]FAN | FAN) | £(m) f “ ) = : p A 
15 6m . e 

a 3 785 _| 1.58 6325m_| 7.854x10" — | 442607.45§ 
Now, , 
DRC _ FRC FF'e 
AE AES ABc 

(23 _, 442607.46) 1000 mm=2.21 mm 


1x10 210° 


Again, deflection due to flexure for beam AB, 











_¢ MM de yal 
= ar 12 
Made (ee = 4.0.2 0.43 =1.0667 «107m! 
ek # 7 15-052) dz 
3 (-9 +32) (1.5-0.52) 
Z for-25*)052)de+ fees 
1 
= [675 
ral ] 
5 6.75 
© 1x10" «1.0667 x 107 
=6.32x107 m 
=6.32x10™ mm 
Total deflection 


LFre i MM "dr 
AE Ma ET 
=2.214+ 6.3210 mm 


= 2.21 mm (downward) 


A= 








130 








eller 


Virmal Work 
imple # 4.22 ; Method 
Se ae Fig. ea ine the Vertical deflection ane 
20° in the member ue Ue to given loading, due to ay Joint £ of the truss 
am too lone Given feat ad also due to the member C& at perae by 
embers, y inj 
modulus = 200 kN/mm? and =| 2 afey ie area = 100 mn? oie 
y, i} 
A 
2m is 
80 kN 
Figds 


Sol”. 
The forces in the truss due to external load, due to 
a tem 
due to lack of fit are calculated Separately. The forces degen a ile 
calculated similar to the example 4, ee 


. 13 and forces are tabulated di 
Deflection due to temperature change is calculated as ied directly, 






b= Dt eS ras, =F tate 


The forces and the calculation of defection are tabulated below. 











; lu aaa hea 
Men] ¢ lal Ge] or [rs ey) Fad Fae 





AE 


y = 
< 0.01 | 23.04 | 0.288 | 0066 | o48 | 0°} 0138 


4 | 001 | -46.16 | 0286 | 
4 | 001 | 46:16 


4 [oo | =46.16 





















































4 | 0.01 | 23.04 
Ali ~ 46.16 
4 oot | ~46.16 








I=146 Ms 


flection = deflection due to external loading + deflection due to. 
Tature change + deflection due to lack of fit. 


Total 
‘emp 


BI 


2 ‘Virtual Work Method 


Svat ->7 + Frat, +p Prat, 


1.45 40.276 + 11.54 
=13.28 mm Ans. 
Discussion : 

Since the length of the members in the problem is same, 

AL, = alt =12x10™ x 2000 x 20 =0.48. The value is positive because of the 
rise of temperature. There is misfit of only two members CE and DE, the 
change in lengths for other members is equal to zero as evident from the o# 
column-of the above figure. Moreover, positive sign for the misfit lengths are 
taken, as both the members are too long. 


4.6 EXERCISES 





Find the deflection at the free end of the cantilever beam loaded with 


Bx.1 
triangular load as shown in Fig.(4.27). 





Fig. 4.27 wt! 


Ex.2 Find the horizontal deflection of joint B and A and also find the slope 
at C of the frame in Fig. (4.28) 


PB c 
¢ 
[a 
D 
ses a | : we 
Fig, 4.28 [ang 2 SP x) 
3H OE 
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gx 3 Using unit load : Virtual Work Meth 
Calculate the hora Gcemmine at A and passa 
rotations. - Movement of p on rollers at p, 








and B as well as their 


Take E = 200 GN/m?. 


+—_——4@3m=12m____ 
A B e 5 4 


GS H T 5) 
20KN — 20kN 


Fig. 4.30 
ae [Ans. 2.325 mm] 
le Hg. (4.30) shown points 4; B and D are pin jointed 4B is a ROC 
=e size 40 cm x 60 om effective BD is steel wire of 8 mm 
a oe Find the vertical deflection at C due to bending of beam AB 
mee of wire BD. Take E, = 2 x 10° N/mm? and E, = 1 * 





» 13 





Virtual Work Method 
ted 
injined fame 8 Hood oe re at the jot Hh att 
Ex.6 A pind f flection ©! 3 to 
Find the vertical def Each member of the frame is of length t R 
vertical load at joint © 
‘Young's modulus *- 


D E 





134 














e ordinate of eee BApboraes a 
angle (C) represents the maximum 
lue of the functi 







TES 
‘ p ais bas gigigey zis tad sit 
If we consider the bending moment O=(¥-3)xI-3x ,M= MZ 
gram. for all, the. Positions pf the load, we. obtain; a ‘number of 
fangular-diagrams-as-seen in-FiB. (5.2). (e.g. ADB; AAEB.— x et6} Hoinik 
Wertexes of all thést triangwtpr diagrams, we obtain a curvoyingjcated by 
the dotted linésYABECFGB). The Vertical ordinate at any int Jo this eurye 
from AB represents the. maximbm bendin moment at the torresponding i. 
section when-the Toad is on-that particuldt Yetdda The Werth SPORE 
under this" Curve represents the thaximum of the Entire’ #iatiHP Beading, 
moments and -i8°"calléd absolute-bending ‘methént! Thi is\ theitin6e 1 
unfavorable situation for which a beam is designed, under suoying, oat 
condition. Sie ee ae (ES) ti eutg Tag ares 








‘a 





Influence Lines for Simple Structures 





diagram for such variation. When such diagram is obtained for a movin, 

Sf anit magnitude, it is called influence line, Once influence lines aed 
(ILD) is known, the value of a function for any load can be obtained 
multiplying the ordinate of the diagram by the magnitude of load (in a 
point load). Influence line can thus be defined as follows. of 


“An influence line is a curve, the ordinate to which at any point equals 
value of some particular function due to a unit load acting at that point," = 
function may be bending moment, shear force or the reactions at sup 

As maximum value of bending moment and shear force occur directly ae 
the load, influence line diagram indicate how the maximum possible By. 
SF. at a section vary with the moving Joad of unit magnitude. Moteover Pe 
ordinate of influence line is a dimensionless quantity. if 


5.2, INFLUENCE LINE DIAGRAMS FOR SIMPLE CASES 

SIMPLY SUPPORTED BEAMS 

(a) ILD for Reactions 

Let 1* be the unit load that moves along a simply supported beam AB. At any 
instant, the load is at a distance y from A. This distance will vary from zero, 
when the load is directly over the support A to ¢ when it is over the right hand 
one. We can obtain the expression for reaction Ry by taking moment about B. 
Note that y is variable and x is constant here. 

DM, =R,xl-1x(E-y)=0 

or, Ry 2a atv (5.1) 

at y=0, Ry=1 

at y=é, R,=0 

Plotting these values, we get ILD for 
Ry as shown in Fig.(5.3-b). 


Again, £F,=0, Ry+Ry=1 
t-¥ _¥ 
OF, Rg =1—- oes eeeneneneel e 
a rear (5.2) 
at y=0, R,=0 


and y=f, R,=1 
The plot of these values provides ILD for 
Rpas shown in Fig. (5.3-c) 





(b) ILD for S.F. 


for ySz, F,=R, 


5.3) 





at y=0, 
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at 


and 





The plot of these vah . 
ILD for SF as shown orth 
Now, in the figure, if line BC is 
extended to B' and AC to 4: 

get, AB’ = BA’ = 1. These Be 
obtained by substituting y= 
tand y = 0 in Eq. (5.3 ra 
respectively. ) and (5.4) 


(©) Influence line diagram for BM, 





We have, M, =R,(¢=2) for ys 

Which gives, 65) 
at y=0, ane 
at y=z, M; =fe-® 


Ploting these values, we get ILD for potion ACanditisstown a Fig) 
imilarly for y>z i 


‘e 
M,=Ryz, but Ry aie 


~ _—_“Taflvence Lines for Simple Structiires 


™ 
Plotting the values, we get #LD for portion BC and*‘it is shown if. Fig, 4p 
«Now if the left hand and right hand*portions of the influence line diagrams 
are brought together, we see that the ordinate at x coincide and thus obtain 
Fig. (g). Also if the sloping lines BC and AC are extended to Brand Ag, 
shown by the dotted Hines), they meet at ordinates x and (1 = 2) over supports 
Aand B respectively. These can also be obtained by substituting y ='0 and y= 
4-th Eq: {5.6)-and 5:5) respectively. ‘Alternatively. we can also draw the two 
straight lines 4:and:BB such that 4B'=x and K{=(f=*) and thé comma, 
rea enclosed by these two lines represents the influgnee ling Siggram, for 
bending moment. 











5.3 USE OF INFLUENCE LINE DIAGRAM eit 

As explained earlier. influence line diagram is value 3 Priam 4 
a function (SF and B.M.)~at_any instant at any sect ape at ~ 
loading. Let us consider 4 simply supported beam, aber a} 





BM. ate E, M, =wx shaded 


shown in fig-(5:4..> 
area from figure (b) 





¥00.0=(b— cr) 1 aby Oke 
es Soup 2i Noitase oft ts QU Io Ssnil a g.55° im 
xample # S.1uAosngle point Jo FD no 2 Bel ie s 
Using influence lifes, find the maxi 
ahd _bendin; 


Let SPY yy 
are>" the” ordinatés 7 of »-the 
Sjnfluence ‘line diagrims for SF: 
‘and "BM. corrésporidihg "16: 
poiit of application ‘of 'the'l 
and WV, rae 

Then shear force at C (Fc) and 
the bending moment (Mc) due to 

















for 











the loading are given by bending moment: 
Fo =Wi yy t Ways t Wey: 4m from the left 4 
Me =Wyy + Way 43 The _ordin 
Thus S.F. and moment values are Ordinate x,x, =2= 
the sum of multiplication of the Pee a 
magnitude of the loads ‘andthé X. f- 
: . ai 4X, = x) 12 
ordinate of their corresponding Fig. 5.4, <.. rot yloolielé ary -( Saini ld sf 
radian. : t €Ofs Aen anig 3 | ras wat 
Baud z= i ee er 





2 ye k 


distributed, n the value of a function is determined by multiplying & 
intensity of loading (1) and the area of influenice Tine diagram covered bY * 





i X% Te wa 
OSA 4 sptocpsarsibeer tI x 29107 = 





length of the loading in the beam. of th i es ee, 
: atc}. yg lane load a ts Mat rot Gul (0) saab m ERDOR = 6x00 = 
i va 
3 ta 24 0F — 20 aN 
foc Me 10 3 Aus. 
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Influence Lines for Simple Structures 


Max. negative SF = XX, xMagnitude of the load 
=5x60=40 KN Aus. 

Max. Bending moment (+ve) = ,X, xMagnitade of the load 
= x60=10 KN Aas. 


Example # 5.2 A simply supported girder has a span of 12m. A 900kN 
wheel load moves from one end to the other. At the instant when the load is 
in the middle of the span, what will be the values of SF. and BM. at the 
section D which is at 4 m from the left support A. 








Sof". As it is required to find SF. and BM. at section D, influence line 
diagrams are to be drawn for the section. They are shown in Fig. (5.7-b) and 


Example # 53 Two point loads of 80 


2 gi Z AN and 160 iN. 
sr of san 10 x whe 9 ee com 
Daw 


yo) =H(l-z)= 52-4) =0667 
Since position of load is at C, the ordinate of ILD at the section is required. So 
form Fig. (b). 900 kN 

y. 


influence lines for SF. and BM. 
2 section 4 m from the left ead seppoxt. Value of maximam SF. and BM 
J @ 






Sof. 
Leading load, Wz =80 iN 
Trailing load, W; = 160 kN 





Sfal 
F, =Force xordinate of ILD for SF. 
=900x05=450 EV Ans 
From 1D for BM. we have, 
) 


ah a4 shes tr Spe Siete 





force 
Negative shear TOfrc® y 
Co) er coy tapeguab tb Wa 
prom tie'geothelly oF ae ig 
We: eniswottiat niaximitam HeBelve 











From the geometry of the 
We know that maximum B. 
ahd-the pene Toad: bags 











teftfor-Fy 
The The shear fore! 
“WDis shown in Fig. (b)' 


e= 1 pasta 


I ce AtsbeoF al 
+n 2 =r ot tego? 








(b) ILD for F. mead ns 
< beam 
wheny<z, — F=I constant 8 Ala riven qe 
wheny>2, FQ — 


ay 





SOT 


5 Pe aagt by ILD awe tit 101 zon 


id 





© ILD for My 


M = (5p) 
when y=1, 


when y= 


— linear vari; 





‘A 





ILD is shown in Fi | (d) 
(d) ILD lor M, 








when y=0, 
when y=2, 


for y >a, 
ILD is shown in 


le &P gppstant 
ig. (e) 
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5,5 INFLUENCE LINE Dy, 

(@) ILD for Rp 

Referring Fig. (b) 

when load is in BC, =M,=0 

R, X£=1x(C+a~z) 
iL 

at. 

at, y=0, Rg= 





or, Ry =1+ 


eta 
é 
at, Y=8eRymdcs 
Referring Fig. (c) 
when load is at AB, 





at y=f, Rg=0 
ILD is shown is Fig. (d) 
(b) ILD for Ry 

Referring Fig. (b) 

when load is at BC, 
R,=R,-1=2 2 


é O= gi 
(Ry acts downward, —ve) 
a 
at y=0, Ry = 7 
a y=a, R,=0 
Referring Fig. (c) 
when load is in AB, 


Sa) 








PStroRpaitary mot 22) 
tb a Upward +ve) 

's shown in Fig. (e) 

©1ertir' cher! Rapce an 
Referring Fig. (b), 
‘hen load is in BD, Fy =1 
“ey load is in BD, F, =0 
p “ting Fig. (c), when lolldtigat AR, 
°=0, ILDis shown in Fig. 1) 








it mavgsib onil nee 














Lines for Simple Structures 


Inf 


@ sup forshearforse st ELE Joad is in BC 


Referring Fig. (b). 


? ore 
ReR\2"9 
at 
at,y=0, eT 
= F, =0 
at, y=ay ‘; mm 
Referring Fig. (c), when Joad is in A and B 
load at B, F,=0 
an from previous examples) 
load at £, Rez «ion 
de 
load at B, Fy a5 
load at A, F,=0 


ILDis shown in Be (g) 





when load is at D, Mp =0 

when load is at B, Mp =0 

when load is at anywhere between AB, Mp =O 
ILD is shown in Fig. (h) 


(f) ILD for moment at E (Mp) 
when load is at BC, (Ref. fig.b) 
a-z 
Mz=-R,(E-y)= arm -y) 


when z=0, Mp=(l- y) 


when z=a, M,=0 


(as from previous example) 


when load is at E, M, =7(t-y) 
ILDis shown in Fig. (i) 


Example # 5.4 Draw influence line di Mg ofthe be 
shown in Fig. (5.11-a) restiamta B Ree lie 


(@) ILD for By 


when load is at D, =M, =0 


or, 1x(£+6)= Ry xt 3 +b 











when load is at B, Ry =1 
when loadis at A, R, =0 
when loadis at ©, DM, =0 
or, Rp X£=1xa 

a 


or, Rg “5 (downward) 

ILD is shown in Fig. (b) . 
(b) LD for Ry 7 
when loadis atD, IM, =0 
or, Ixb=R, xe : 

a 
or, Ry -4 (downward) / 


when load is at B, R, = 














when load is atA, R,=1 
when load is at C, <M; =0 Fe 
1x(@+a)=R, xe 7 
ft+a 
R= 
or, Ay 7 
ILD is shown in Fig. (c) 
(0) ILD for Fe 
when load is at D, 
F=Ry=, when 


load is at B, F, =O 
when load is at E, (just 


left of E), Fy =-Ry = ie 


when load is at E, (just right of B), rahe 


when load is at, Fy =Oand at C F, 4 «5 thon 0 






(@) LD for My 

sf. : 
when load is at D, M, =R,(¢- Fae 8 
When load is at B, M,=0 
When load is at E, =F(- 1) compile 
When load is at C, share38 
1D is shown in Fig(e) _ ; 
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—ZJ washers ag 


N LY DISTRIBUTED ee 
ORINIEORH ata spetion: From the Um for SF, 





Loap LONGER TRANTHE SPANO dy, 










iT it YAR 
(a) Maxima SF ad Bo Tio 2 
oe occur whe Ban 40 ged ag, Ps Sanya 
max. negative SF. w occur wie the span oxta SX ah sy 





a) Given beam SLoo¥ tty 3) 


WX Ais 2i bsof natty 








canes eieny gee 
; 7 
isammhy 2S 

b) For max “Ve'SP at xy = 8 ao 
: WwkNim 

















j For maximum value of 1/8 tea: 


‘ fs —, ores 
Me pit ye) Gets) Ta Se salut wi 
2 =0 sina BYE Ap:bpam > 


entire span. xe? Giro 













ea of +ve Aof 





max +ve Me= w,Xau 
ILD. 2 











“Now, we Have, 


~ pt 


Xe 








neti z30990 Kae 32 
Db For maa 





(b) Abs mm 4) For max. BM at x 
5 4s ei bsol now 























“sl positive SA 1 
maxjrfum, whemmaer@uite. when die aie 
the load occupies the entire span. ey <A 3s ai bsol now 
ordinate of pesBips} ILD at ea ee A 
r=f=l ORCS TBE at A (octal 
: +h, swxgxbtaee We Gy Bei bool ity 





f) ILD for BM at x 





paghet Die bas0= 4 hin af bool nadw 
2 









0) Me FL 
Max. +ve moment occurs at centre g Fig. 5.12 aol te ae aes 
where rot (<3) =(e-3),8= WM ts 2i bsol naw a)=lr-2 eee 
2 c ‘ 2 

ordinate of JLD aA O= 3M 81s 2i bsol nad 7 fnwpe KE 
; ite iho ewoiven Mies) (y-3)%_ aM Ais ai bsol aodw : : 
May ar aree 2 BN -bebsol vilut 2i asqe sie ar acl hacia MA rosin 

VPTE UX ahs gM O36 ai baol a" 4 yah ue 2¢x05 DOE =p MeflABneetA xus I 

5) i 284A mV =o 
(9). gi ni nwode at os = Fig. 6.13 seg7 
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J Influence Lines for Simple Structures 
bendiig moment occur at a section when the See 


It shows that maximum io as it divides the span. By using Eq lon, Example # 5.6 A Uniform ae Jnence Lines fo Simple 

divides the Toad in the same ratio 26 2 Se fai te Fa 8) yg a ardeciot spaiagie isbn oy Structures 

can easly ind th value of WAS ps determine the values of gp ft to right. With the a m length crosses 
when the head of the load ig ig BM. at a point Dm P Of influence lines, 





it 





(i) Position of ite i : 2 ee & 
‘Absolute maximum moment will occur, when==> This is proved in sec, Sol”. 


5.8- Eq. (5.9). ae 


Example # 5.5 A uniformly distributed load of 20 kN/m, longer tha 
o i determine x, equa z pate 
rolls over a beam of 25 a span. Using influence lines Pa, . ¢ : 
dinate 


i : F. and B.M. at a seetion 10 m from the left end support. es 
maximum S. 20kN/m From the geometry of the figure, t reer =07 


10.3 4 
cD=0.3x—=—=-. 
A om ——™ , 2 1247025 ipsa 
for 25m ec) aw em 
and EF=0.7x—=—=96 A 
12m 5 
16m 



























the negative S.F. with ordinate " a) Given beam 28 10 
aa ae x We know that the S.F, at X, 
22-04 i —— Ee! 
4 equal to 7 =550 = F, =w[Area CDX,X ~ Area EFX,x] a =} 40m a 
We know that the maximum | 2x43 BG 
negative S.F. at X occurs, when 8 =50 Pies #025) 
the head of the load is on the yo Se ee 3 1 ru 
section. clenatee We S| serene) 
x ~ os a H 
Fog, =w X Area of AMG =90[0.55—2.6] AN =1025 kv “a 
; 0. e 
=20x3xl0x04 Bending Moment = 
A X Now, draw the influence lines i 
=40 kN Ans, ©) ILD for BM for B.M. on the base AB with 
ordinate XX equal to G 
Maximum positive SF. Fig 54 (é~z) (40-12) 
Now, draw the influence lines for the positive S.F. with ordinate 1%, equal BF =" "= 12" =8.4 as 
(é=z) _ 25-10 _15_ 9, as shown in figure. sown in figure (c) Wee : 
ae a From th 
, é 4 © geometry of the ©) LD for BM 
We know that maximum positive S.F. at X occurs, when the tail of the loads figure, we find that 
on the section. ; CH=8.4,10_4 Fig. 5.15 
*Fage => Ata of ATgB==20%=x0.6x15=—90 RN 2 
Maximum bending moment Ka84x=72 


Now, draw the influence lines for the B.M. on the base AB with contral oi We know that the BM. at X, M, =w(Area GHIX, + Area JKXK;) 
Wy equal to xf £72) _10x15 _ : we row ‘ s 
=6 as shown in Fig.(5.14-c). We ~sf ara najeandy2e84] KN-m 
2 








£ 25 
the maximum B.. at X occurs, when the entire span is fully loaded. =2330 kN-m_. ADS. 
Mu =WX Atea of A,B =r} 6x25 =1500 kN-m Aus 
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Influence Lines for Simple Structiires 


eli long moves.on a'simply SOpPORIGy 
45.7.4 live load of 50 KN fri, Bim n ee 
er-of span 10 m.iFind the'maximam bending seal can occur a 


‘gy section'4'm from leftend. 








Sol". Let AB be the girder 
and C be the given section. 
Let head of the load is at a 
distance ‘© from the ‘section: 
D and it movés towards. the 
right 

Average load on AD 

= Average load on BD 


or, 6(8-2)=42 
“or, 48-62=42 
or. 105=48 BS 





on the 





From the geometry of the figure,-GH =0.48 and JK =0.48 
Now, Mya, = load intensity x Area of ILD under the load 


5.8:CONCEPT OF ABSOLUTE MAXIMUM, VALUES 
(a) SF. and B.M. ata section’ i ee, 4 
Let AB be a beam of span’ f and C be the séction anyw th spa 
clear from the previous section that to find the maximum S. and B 
first have to draw influence’ line diagrams for the particiilar: section.' The 
diagrams are shown in the Fig. (5.17-b and c). If Wis the magnitude Gh 


joe, then as the maximum ordinate of the influence line is ‘at theese? 
a ao ae 




















ot Wt 






Max. -ve S.F, atz, 
FW 
zl x) 
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" consideration shows that 
the maximum Ordinate for +ve sp 
js obtained when z=Qin the 
expression (€—z)/f. Similarly, 
max. -ve SF. is obtained when 
x= in the expression z/¢. Their 
values are £1. : 

Max. +ve SF. Fy, =Wx()=7 
Max. ve S.F. Fy, =W(-1)=- 


These are the values for S.F. at A 
and B when the loads are directly 
over these locations. 


Similarly, maximum ordinate of 
ILD for BM is obtained at the place 





where 
[ea] 
= = 
2z 
ie, [=e 
. 
or, art (Hevat the centre) coc Sekateat 69) 
4 
"ordinate at 2=£ A -f)-t 
DQ nin Bhan 24 





* Max. +e BM, M,, =wx £/4 (where the load is at the centre ofthe beam) 
= values’ are the maximum possible values in the beam and are also 
*d absolute maximum BM. and SF. 


8 conveni -- principle to find absolute maximum values for 
bea enient to use this princip! ch will be illustrated in the later 
Sign biected to several point loads, which will be Hl 





ee 





| na 












Influence Lines for Simple Structures 
maximum Positive SP. oecyrg ait Sine Sis 

5.9 SEVERAL POINT LOADS fight of the section, m0 Wer mato e, 

(@) Maximum Moment under a Load ns i wai Sy 

Let a set of several concentrated loads I",#2, s+. MOV! 3 simply | : 

supported beam AB as shown in Fig. (5.18). Let Se eal Hasire | : 

i jired. Let e of ; 
moment under the wheel load MW is required. all In the case of bending re 5 


loads which acts at > distance from A . first Necessary to determine the 





R(e-2z) particular load position under 
Now, R,= ( r section x that will provide ma; Se 
ding moment. For thi 
t under 7, bent . is; average 
ay ae Ys joading to the right and leh of ihe 


section is studied as the loads cross 
the section X. 








apt? (v+d)—Rd 
t Pa 





As they cross the section-one by one, 
a condition arises when oné of the i at 

loads crosses the section; the average BpILDIor Sato ssf 
loading on XB (which was lighter 
than the average loading on AY 
before) becomes heavier than that on 


=Ae—a* + tds] 


For Max. moment, 


dM _Rty_g—22}=0 
a et 











02 Fle —d-2z] AX. This particular position gives the 
or, ¢-d—-22=0 maximum BM on the section. It.is o) ILD for BM at G 
or, 2r=é-d illustrated in the following examples. Fig. 549 
es + (5.10) pais . 
i S (c) Absolute maximum shear foree and bending moment 
Distance of W2 an A=x+d From the figure, as maximum ordinate are, at the supports, the ‘maximum SF 
-£-9 49 occurs when one of the load is at the support (7; I¥2 or 3 in the above Fig(c) 
2 Few trials may thus ‘be necessary. to determine the maximum value., 
etufed Obviously, maximum positive SF. will occur at A and the maximum negative 
22 SF. will occur at B. : : 
CBO BS sr her, Soactenenmaennareeee es 6.11) si fo 
2 é Cy a care aa h the case of absolute maximum bending moment, preposition given Lae 


1 Sused, 
From Eg. (5.10) and Bq. (5.11), we can conclude that for maximum ae 
under any particular load the position of the load and the resultant s! 


"When a series of point loads crosses a girder, simply supported 3 its es, 
equidistant from the mid. span. 


the maximum B.M. under any given load occurs when the centre of the span is 
z f y giver. i BES 

Tid way between the CG: of the load system and the load ander meats : 

Taximum bending moment is required to be found ou a 

With the peer Sa er sinum moments under the possible : 

help of this preposition, the maximum ” wif than be 

weds placed at cent are evaluated andthe siaxienom of ese SETS" 

“absolute maximum bending moment. °° : : 





(b) Maximum shear force and bendii i ip 
Let us consider a beam on which a number of loads are crossing 8 sho obs 
Fig. (a). For the maximum value of positive and negative S.F-. the loads A 
made to coincide alternatively at the section and their values are calculate 
number of trials may be necessary to find the maximum value one 
upon the number of loads being applied. It is noted that for sine 
negative shear force, most of the loads are to be left of the section. 
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s 





iG? shown in figure cros: at ae 
wie #58 A tain nate "200 gh 


1 loads : r 
nui left to the right with the 200’ ky 


25 m. from the | 
200KN 200KN. 200 kN 
an fon Jon fom | 
Fig. 5.20 


sing influence lines determine the maximum B.M. under central load, 





Sol”. 25 
Given Span, £=25m 
To find the maximum BM. under central load, let the resultant of the whee} 


Toads be at a distance 2 fromthe 160 kV load. 


Taking moment of the wheel loads about the 160 kN load, 


We have, 
- (160x3+200%6+200x10+200x14) 
=="~(160+200+200+200+160) 

= 7.04 

For the condition of maximum bending moment under the central’ toad, the 

wheel load system should be so placed that the resultant load and thé central 

load should be equidistant from the middle point of the beam. 

Let us place the load accordingly and determine the required distance = a 

shown in the Fig. (5.21), '—*—— 41 


BENE 
Pitas, 


Fig. 5.21 
The distance. gt 


(704-6) 
2 


Hence, bending moment under i 
central load wi imum when 
placed at 0.52 m left of the centre of the beam worst 


A 








= 





=0.52m 





Now, taking moment about A, we have 
Ry X25=920x (12.5 +0.52)— Ry =479.14kN 


R, =920-479,14= 440.86 kN 
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Jnflagnce Lines for Sime sy 


Mi i 
lax. eae ore under the central load 
=40 98~160x3x; 
=3341.5)N—m Ans. sini: 


St Bt. Zor ser rat 


: ae 
(2) Maximum positive shear force Fig. 5.22 
Now, draw the influence lines for the Positive shear force 
with ordinate XX equal to £=* —@25-11.25) _1 
t PS! 
Now, from geometry of the figure, we get, 
chahatgittr did a ou: al 
robe grpdr Bid gS Br 
hfe= tg fh ig) eg and fis = 75 
So, Maximum positive Shear force at C occurs, i 
section itself. ir gress 
Fas = [6x IK +8% ff +20% fo fet 18% fofy + 12x hf] 
3 


=| 6x—+8x— +20x—. 
f 3 rT rt xt 19334 Ans, 


on the base AB; 








(b) Max. negative shear force 
First of all, draw the influence lines for the negative S.F. on the base AB, with 
the ordinate XX; alg eee ee shown in fig 

1 eql oF o08 ig own in figure. 


6t Bt 20t 18t 12t 
2.5m ]2.5 m]2.5 fi) 











inal 


Influence Lines for Simple Structures 4 
"et Lines for Simple s 
LY id that 8 
From the geometry of the figure AYN), We ue ae ee fue a . 
ae ag hie pv erosses @ beam of 25 m span with the a9 giro” 160 AN; 60 kN and 40 
oe : ween the loads is 2.4, 3.0, 2.4 AN load leading. The di 
- ative shear force at C occurs, when the eat thie: Cer Waheaes and 1.8 m respectively, Find nee 
We know that the maximum neg: : =e 24 Sm ts : fe 
moment on the beam. its rot — 


loading is at C. 
: +18xf, fot 20x 8h 46x fifi 





F,,, =12xN, 2 
a taxd sis J. 420x548 +6x5=20221 eS mine at the centre of the 
ier a aa ae ae Span will 
gc tae cons el By weary pan 
jis 


at the centre, it will cause Maximum BM. how. 





bsolute maximum bending moment : : evel eax ; : 
on let us first find out the C.G. of the load system. C.C. from 6 load is studying ps loading On the sections AC and CR’ To do is ee a ” 
= 8x2.5+20x5+18x7.5+12x10 ss t 7 Joads to cross the half Section one by one and Study the ar e Loading or 
Fe 842041841246 both sides of the section, 40 8 160 460 pg ee fading on 
=5.86 m anfesnfronbenl, 


A 





By observation, we find that max. B.M. occurs under 20f load. For this, the 
load should occupy a position on the beam such that the centre of the span is 
at mid way between CG of the load and the 20¢ load. 
5 1 Ee 
Therefore 20¢ load should be at a distance 11.25—— (5.86 — 5.00)=10.82 m Load Crossing the 
2 Section 


from 4 as shown in figure below. SEV 














Now draw the influence lines for the B.M. on the base AB, with ordinate 1%, 


a(L—zx) _11.25(22.5-11.25) 
=" = 5.625 | 160 kN 








Loading on AC is 





equal to 























£ 22.5 lighter than BC 
From AAN,B. we find that s thus obvi iat wis 40 60 160 |/160 80 
's Obvious, that when 
mym,=2.91. mm, =4.16, A the 160 KN load will be at the : pander sy ps B 
myms=541. mym, =4.59 . half section, It will cause 125m ——>j I 
and mem, =3.34 ic 2.5m naa! ™aximum bending moment 2m 
ae # the section C. Therefore 
load position for maximum %; 


o M,,-max 


3M will be as in Fig.(5.26). . 


=6xmm, +8Xm,m; 1 
° find maximum bending 











+20Xm3m, Tom, 
: went at €, draw the 
+18xmm, dinate of ILD such that im ms mA 
+12xmgm; OX, = ¥€=x) | 12.5(25-125) 6 56 Fig. 5.26 
Fig. 5.24 Rion a 2 oa j 
=6x2.9148x4.16420x%5 ™ Geometry of the given figure, we get, : 
. 41 : : : Z 

=281.61t—m_Ans, ¥18%4.59 4123.34 Tog UA 41S, mas = 5.05, mam; =4.75,and mame bg 

5 i F: 


nd out Maxifnuni moment 





Influence Lines for Simple Structures 


M, = 400xmym| +60Xmgm, +160XX3C+160xmym; + 80mm, 
~— = 400x-4,15 + 60x 5.05 + 160% 6.25 + 160% 4.75 + 80x3.55 
=2513 kN—m Ans. 








(b) Absolute maximum bending moment R 

The absolute maximum 40 60 160 |/160 80 

bending moment would | anfes nfs : anf 

occur under 160 KN load. By , ae t 

previous example, we can <= : eh ig 
say that for the absolute 125m roe 





maximum bending moment ——+ 
under 160 kN load, the load 
should occupy such a 
position on the beam that the 
centre of the beam is mid. 
way between the CG. of the 
load and 160 KN load. r 
For this let us first find the C.C. 
of the load system. Let C.G. is 
at z. From 40 kN load. Then, 
=_ 60x1.8+160x4.2+160x7.2+80x9.6 
z= =5.4m 
40+ 60+160+80 
Therefore, 160 KN load should be at a distance 








Fig. 5.27 





1 
=12.5- see —4.2) =11.9 m from end A. (Fig. 5.27) 


Now draw the influence line diagram for the B.M. 
‘t—z) 2 
uy=7 2) 12.5(25-12.5) 
t 25 
From AAX,B, we find that 





=6.25 


mm =3.85, mm, =4.15, mym,=5.95, mgm’, =5.05 and msm; =3.85 


Absolute maximum bending moment 
Mone-max = 40 x:mym; +60 mgm; + 160% mm, + 160% mm, + 80XmsMs 


= 40% 3.85 + 60x 4.75 +160%5.95 +160%5.05 + 80X3.85 
=2520.2kN—m Ans, 





= an ILD FOR GIRDERS SUPPORTING FLOOR BEAMS 

: ae one depth, which are used in bridges, are called girders. 
ee ads in girders are applied indirectly through a floor system over 
Ypical example of such construction is shown in Fig. (5.28). 


most 
itA 


I 

pie floor slabs transfer the loads to the secondary beams and ‘e 
‘ary beams transfer the loads to girders. In the common system * “ 
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for a panel between the nodal points are 
for SF, and B.M. are pet ane 
and not for a particular section of a girder. “ie means Cot : aie ‘ 
3S shown in Fig. (5.29). The girder consists © a re an? 
Such that the total Iength¢=na. The introducti page yes seas 
effect on the reactions Ry and Re. Thus ae uf ee 
Similar to that of simply supported beams. iagrams are shown 
(S.29-<) and Fig. (5.29-<). se 


In such application, SF. and BM. 
Constant. Therefore, influence lines 








Influence Lines for Simple Structures 





Let us draw an ILD for S.F. in a panel CD, which is (m +1)" panel from 
left support. Then, there will be m panels to the left of CD and (n— », 


panels to its right. 


the 
~) 


(LD for S.F. at P 
(a) Load in AC 


when the load is at 4, 


@ 


when the load is at ¢, 


n 

















[ee weed 
iy s (b) Load in DG 
Let the load be in DG, 
(a) Girder when the load is at D, 
‘ 
f when the load is at G, 
oe a (Ladin co 




















Influence Lies for Simple Sie 


Ro =0, Fea 
7am 


nm on 


Ry= 


nr, = za _n-m=t 
a n 


mi 
R,=0, Foy =0 


When the load is at a distance = from C, load transferred atthe point 





C=2— and load transferred at the point D=-= 
¢ a 
fA ic as 
a noa 
when the load is at C, z=0, Fog as before 
when the load is at D, r=a 
p. -mata_a_n-m-1 
@ na a n 
v ordinate 0c, == 
n 
=-m-1 s 
and ordinate dd, er 
(i) (LD for BM. at P 
Let Pis at a distance x from A 2 
=R.x(é-x)=0 as Ry =0 
when the load is at 4, M, =R.x(é-%) 7 
Bo when the load is at D, M,=Ry Xt 
n-m-l 
XY re 
=R,(¢-2) 
ae Ya When the load is at C, M, =e! 
: 2 co, = (t-2) 
(ILD for Mm, or, a 


Fig. 5.29 








Influence Lines for Simple Structures 


The moments between C 
transferred through the pant 5 
ordinate pp' can be obtained by cons! 


el points only. Therefore ads can be ioinea te 
dering two similar triangles such th 


Pe Ser. 
pa ca 
ees 
or, a ee 


1 
onl (@=2)-— 
or, pp=2—(6 a 


=E(-2) 
This is the ordinate for the girder without the floor beam. Thus alternatively 


influence line for a girder with floor beams can be obtained by Constructing 
the influence line for the beam assuming it to be without floor beam such that 
the maximum ordinate is x (¢—z)/ and joining p; to a and g as shown in 
Fig.(f). The ILD is thus represented by ac\dig 


5.11 INFLUENCE LINES FOR PLANE TRUSSES 
Trusses are used in long span bridges. They are mainly classified into the 
following two types depending upon the position of loading. 





(i) Through Type: This type of truss receives load at its bottom chord joints 
as shown in Fig. (5.30). 


] = 


Fig. 5.30 


Road level 








(ii) Deck Type: This type of truss recei : joints 8 
shown in Fig. (5.31) Teceives load at it as top chord J 


Ke 





— Span $i 





Fig. 5.31 
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Consider a Pratt truss shown 
bottom chord, 


in Fig.(5.32) and let the unit load moves at the 


= ~ is uy Us 














Us u 








Ly 


oe sy 





Fig. 5.32 


We can visualize that under the application of load on the truss, all the top 
members experience compressive force while all the bottom members 
experience tensile force. But the vertical and inclined members experience 
tensile, compressive and both type of forces depending upon their location 
ith respect to the applied load on the truss. The influence line diagram for 
top and bottom members are given below with necessary explanations. 





ILD for Top members 

For UsUz t : 

Let R, and R, are the reaction of the truss for any position of the ‘ait load is 
shown in Fig. (5.33). Let us cut the section (1)}-(1) and take moment from 


Joint Ly (opposite of U;U2), then 


FiyypXh=Rjxa (or alternatively, Fy, %h=Ra>5e» which will lead 
2 


to the same result as R7=1/6) 


Ryxa_ Min (-- R,xa=Moment at La) 


Or, Faw = h h 





i Jy is equal to Wh 
Thus it is seen that the influence line for force in mes a te ise ip 
es the influence line for Mi2- sis from aye 
2 is a triangle whose ordinate is egal Sot 
is thus obvious that the influence line boric 
riangle with ordinate equal to 5a/6h un 


(5.33), 





= o(6a— a)/6a = Sal6 
oe member UU, is also a 
as shown by the Fig. 


Pe 





Influence Lines for Simple Structures 








For U,Uz 











For U2U3 











For UsUs 

















For 


Let us cut the section (2)-(2) and take moment about Ls, 
Four Xh=R,x2a=M,, 











3 M 

Frau = a 

: ‘ . 2(f-z) 2a(6a-2a) _ 48 
Max. ordinate of ILD for MLz is obtained as r] o 6a. 3 
“. Maximum ordinate of ILD for Fipyn is s ; 
ILD drawn with the ordinate is shown in Fig. (5.33). 


For UsUs 
Pass the section (3)-(3), then =M, 
Or, FyaigXh= Ryx3a= Mig 


Oty Asay atu 


a= 
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Influence Lines for. Simple Structure 


Max. ordinate for /LD for Minis given by 
e— ss 
al =2) _3al60~3e) 30 


6a 2 


a 3. 
ordinate for Fysy, = iT which is drawn in Fig. (5.33), 





ILD for Bottom members 

For LLz_: Considering the section (1), DMy, =0 
or, Fiyy2Xh=R,x0=0 
“Fu =0 

ILD is shown below, 


? 




















fa 





Li! 

6 ILD for Bottom chord members 
| 
' 
| 





For LoL, 





Fig. 5.34 


=0 
i 2), L Mor 
‘dering the section (2)-¢ 
For LpLy: Considering 
FiapgXh=Rxo “Mia 
Ma 
or, Figs F h 


js given by a 
Max, ordinate for ILD for Miz'is 8 





Influence Lines for Simple Structures 


Et § 
_ Sa 
Fins = Gp 


Sa 2 in Fig. (5. 
ordinate for Fis = 6 (This is drawn in Fig. (5.34)) 


For Lala: Considering the section (343). My; =0 
or, FyjsyaX4=R,x20 





M 
or, Fisus ane 
Max. ordinate of ILD for M;3 is given by 
(6-2) _ 2al6a-2a)_ 4a, Fae _4a 
‘ 6a 3 3h 


4a Pa 
ordinate for Frys “a, (This is drawn in Fig: (5.34)) 


ILD for Vertical members 
Ur U2 Us Us Us Us u, 



























Fig. 5.35 
he equilibrium of joint L,, we get Fyyyy = Ry 
ly RI, or, 
When loadis atl, — g, => 7 z 
2 Ve or, Fry “& 
ad is at Ly, R,=0, or, Fry, =O 
Lit = 





f1 i a 
uence line drawn with the ordinates is shown in Fig. (5.35) 





6), consider th i i peel 
the unit load j '¢ equilibrium of right part of t ensile) 
‘Sat the left of La, then Fyy2 = Ry 














The ordinate obtained with the above relation is valid only for points L, and 
[nas the load is considered at the left of I, 

When load is at L;, R,=0 ~. ordinate at L, =0 

Rat + ordinate at L, -t 
With this ordinate, the line Ly, L, can be drawn. 


When load is at La, 


Alternatively, one may draw ILD for R; with continuous and dotted line as in 
the above figure. Obviously L7L'; = 1 and considering two similar triangles 
IyLaL’ and LyL7L’;, one can easily find LaL’2=1/6. Now draw the line Lil’. 


Similarly, considering the equilibrium of left part of the section and assuming 
the unit load at the right of Z2, we get, 

Foarg=R, (Compression) for load position between Lyand ly. 

When load is at Ly, R,=0 


42 
When load is atl, = 473 


Now, draw the line Lh: 


if force 
. ‘ 5 from I to Za, the nature of 
Thus it is clear that, when unit load move sion as the two points L, and 


'" the member changes from tension © res, 





Influence Lines for Simple Structures 


Ly lie on two different 


to obtain the complete JLD. 
For U; 


The procedure for this is same as 





For sls 


Since this is a through type girder, no load 
joints. Hence resolving the forces vertically at U,, we get, 


Therefore, the member U;L, will not carry any force for any position of a uit 


Fata =0 


load on the bottom chord. 


ILD for diagonal members 








For Ula 





Pass the section 
the unit load at L, 


or, 


But cosec ack. = 








sides (+ve and -ve side). These points are now icing 





of Upln and the diagram is shown below. 


is transmitted to the top choy 





nsider equilibrium of right portion asst 


GS) and co 
- Then, 
sinO=R, (Co 2 
mpres: 
Ri coeca Pressive force) 
1 
a ee ree 


sing 


Vir sat 


——— 


A 


Influence Lines for Simple Structures 


Thus the influence line for R; multiplied by cosec @ gives influence line for 


load is consid 
ordinates are drawn for points Ly and Ly only, nS Saati! ae 


When the load is atl, R, =0 ie, Fru. =0 


‘ti i Fs F 
joad between Lz and I, then, Portion assuming the position of unit 
Foua sin 8= R, (Tensile) 





2 2 
Fuuz =Rycosec®, —_cosec @ = ete 
When the load is at Ly, R, =0, ie. Fyy,)=0, 
2 2 
When the load is at Lo, R=2, a Fina = conee 0 =3 ute ( 
ILD is now shown in Fig. (5.38). 


For U; 
Pass the section (6)-(6) as shown in Fig. (5.39) and consider equilibrium of 
tight portion assuming the raion of unit load between Ly and In 





U,- Ur Us uy Us 

















pene ee 
3 ~ but, cones. = 
Tous sind=B, (Comp,) or Fynus = By cose" ® * : 5 cs 
¢ 169 


Influence Lines for Simple Structures 


Kus =0 





sige 
LVh? +a? 


‘i ae Aaah 
When load is at Lz, é 2 
r the equilibrium of left portion of the truss assuming Pe 


When load is at 





For UUs 


pass the section (2)-(2) ang take Moment about 











Joint 1, 















EMis =O) OF Forays xh= 8, 24 Fe Mis 
Similarly conside dein yi a 4 ¥ v3 ae 
position of unit load between 7 Vera The pase ye in the ILD is given by 

Fray sin@= R, (Ten a Toa ete ee 

an 

Fear =f dinate of 1 =4 

When load is at L>, an Oram Lap Ordinate OFILD for Fas = 4a/3h, ILDis shown inthe Fig (5.41), 
When load is at 1. fous 3 





joined. The line goes from NEgalive jp 


Pass the section (3)-(3) and take moment about joint Ly, 
nge of nature of force. 


=M,,=0 OF; FisigXh=R, x3a, 





























© Fagg = 
and it is shown in Fig. (5.3 ). < A 
can be.drawn and:itis's 5-39) The maximum ordinate of, ‘Mya in the ILD is given by 
Example # 5.11 Draw influence line diagram for all the members of Pratt 26-2) _ 3a(6a~3a) _3a 
truss shown below. £ 6a 2 
u, Us Us Us . 4 3a Ki ; 
I | ft -.Maximum ordinate of ILD for Fasus rg Dis shown in the Fig.(5.41). 
h 
| BN ER ee oe 
3 G Ls & at : z 
6a sf 1 ‘ 
Fig. 5.40 4 j 
Sol’. Influence lines are drawn for the members of half of the’ truss only asit 
is symmet For ILD, the expressions of forces in the members of the truss 





necessary und they are drawn by using method of section. 

















ILD for top members 
Pass the section (1)-(1) and moment about joint Ls, 
=M,,=0 
OF Fiypy XALy = Ry 
M,, 
or, = Me (by geometry, 47,, = _ ) 


Wree 





ILD with the ordinate is shown in the Fig (5.41). 








‘Tafluence Lines for Simple Structures 





; Influence Li 
“The ILD for Usl's, Us and Ul are same as that of UUs, UUs and Ly, Fists X=R, x2 iat 
g or the diagram. L =R, 
respectively as from the symmetry of the diag pa fix2a_ My 
‘L2L3 eS esas 
Bottom members 2 ’ " 
‘HDtor Cuting the structure by sections (4(4) and taking moment about The maximum ordinate of H,; diagram is 


z 2a 
swe get =—(€-2z)== 4a 
7072) 6g © 2a) = “2 


Ryxa_ Mia 




















FyaXh=R,Xa Fa =— 7 h For F 4a 
‘ ¥ ‘ ‘e givet Bi » For ig; =— 
maximum ordinate of M;2 in the /LD is given by 3h 
Sa 5 
= =" a-a)=— For Frais d 
rid -x)= a (6a—a) 6 passing the section (6)-(6) and EM, =0 
For Rigs = or, Fiza Xh=R, x30 
26h Rx3a_ My, 
For Fraz3 or, Fizua = borer 
For Fizz; . x h h 
Cutting the structure by section (5)-(5) and taking moment about Us, we get, a ; 
@® Maximum ordinate of M,, = (60-30)= ( 
uf tu Fu Us Us = 2 
For Fi344=— 
t L3L4 2h 
\ The diagrams are shown in Fig. (5.42) 
uf ILD for Diagonal members 
R, i To find the expression for member forces, method of section is used. Unlike 


for the top and bottom chords, the expressions for member forces are 
determined by considering vertical equilibrium of the portion of truss cut by 
the sections. 

For Fuais x 

Consider equilibrium of the right ponion of the truss cut by section 


M- 
ie (7), ‘ é 





For Lila |t 



























| beta sind = Rr, Fears = Rr cosecO seint £2 to Keep equilibrium for 


L + = , thins Fe tion force R7, 
ForLaLe Li 2 ur Th Portion of truss with the react 


a ‘tefore the force is compressive. 0  Fas=0 
: then the unit load is att, ”* we , Foaa= V6 
Fig. 5.42 : Yen the unit load is at 12, > B= 











<< 

iftwence Lines for Simple Stroctures 
% b. . 
(© or the unit load position between L3 
© ©) Wand portion of the truss, Bah b 





must be in tension as seen 
ion of Fig. (5.44) 





‘vais = Ri cosec8 Ly 


the unit load is at L7, Le 
h= w. Fu23=0 R, 
‘when the unit load is at F3, F1= 2/3 Fig. 6.44 


1. Fyais = 2/3 cosecd 
ILDis shown in Fig. (5.45) 


For Fusta 
ILD for the force in this member 4 at for 
cut by the section (8)-(8) for it. The final ILD is shown in Fig. (5.45). 





and L7, consider the equilibrium of left 


is drawn similar to that for FU2L3. The truss is 
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Influence Lines for Simple Structures 

[LD for Vertical members 

ae ec in th 

The forces in the member Usb wi 
: 2 will be zero wi z é 

The force increases as it moves towar ge aa the unit load is at L,. 

to the applied load) when the unit load is its magnitude 

move towards L3, the force in the memi 


v L3. For 
force in the member will be zero, ILD for ae 











Section (9)-(9), 





Fuss = R, (Tensile) and resolve the forces 


section (9)-(9). Resolving vertically, we have. “Nae te left part of the 


Fous3 = Ri (Compressive) 
The ILD for Ri and R7 are drawn, 
The part of ILD for R7 between Li and 13 and 
between L4 and L7 will now be considered and the 
in Fig. (5.46). 
For Fuats 
As the load moves on the bottom chord, the force in the member Uala will 
always be zero. This is also evident if we cut a joint Us and consider the free 
body diagram. The influence line for the member will thus be a straight line 
coinciding with the base as shown in Fig. (5.46). 


a, 


the part of the ILD for R, 
ILD fot the member U2ia is 














fade, ace oS eee 


Fig. 5.46 


175. 





jmum forces in the members Us, 
aera (5.47). If a udl of 50 kN/m ian 
of the chord members. 


Determine the 





(a) For UUs as 
Consider the left position of 
EM,,=0 
Fy, 4x 4sin 60° = R, x2x4 (Compressive) 
UW3 
2x4___ Mls 


4sin60°  4sin60° 


the section (1)-(1), then 


or, 








Fos = RX 


Max. ordinate of ILD for Mj3 is given by 
x(€-z)_ 2x4(20-8) LAS 
£ 20 


«. ordinate of ILD for Fy.y3 = 





48 


Fagg 71386 





ie 20m +4 
Fig. 5.48 


The ILD is maximum force in UU; will be when uniformly distributed load of 
50 kN/m occupies the entire span. 
Max. force in U,U, =area x intensity 





= 520% 386x50 


=693 kN Ans, 
(b) For LU; 


Consider the equilibrium of left portion of the section and assume that the 


unit load is at right portion. 
XF,=0 
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es 


: Influence Lines for 5 
ot, Fisus8in60" =p, (Compre or Sipe Struciureg 
of, Fusv3 = Cosec 69° 
it load is at Le, R= 
when unl 1 =0, 3 
Me Flys 


it load i 2x4 
n unit load is at Z,, R = 2 4 
whe : Bag Agel 
similarly consider the vertical ending ec 60° = 0.46 
;yand assume the unit load is at ef, ™ Of tight port; af thes 
( ZF, =0 Potion, 5, Section (1. 
F.3y28in60° = R (Tensile) 
or, Fisus = Re cosec 60° 


When unit load is at L,, Re=0 


ie. Fiy3=0 
‘ , 2x42 
when unit load is atZ,, R,=*%4_2 2: 
Re 3x45 * Fava = cosee 60° = 0.46 


{is shown below. 





Since the tensile and compressive ordinate of ILD is same, 
Tensile force = Compressive force = area w= 5 x10x046%59 
=115 KN Ans, 
For Labs 
idering left portion of section (1)-(1) in Fig. (5.47), 
=My; =0 ; 
,  Fisyg X 48in 60° = R, x4K2.5 
R, x4x25 
ef, 134 = 
4sin 60 
Vhen load is at Ig, Ry =0 ie. Fy, =0 
When load is at Ly, n= 2-04 2 Figs =287x04=115 m 
x i ; 
*eilaly, consider the equilibrium of tight portion of he secon 
IMy, =0 


* FisygX4sin 60° = R, X4X25 





=2.87R, (Tensile) 


Fi =287 8s 











Gee sm 
20m —— 





Fig. 5.50 





(22 xr sxso 


> 


2. Max. force Fans = 
=718.75 KN Ans. 


Example # 5.13 Draw influence line for the various members of the deck 
type girder shown in Fig. (5.51) 











in ue Us Us Us Us” U, 
ra 
| Ry 
“ R 
¥ bs 

& Is u bs 
ke — 6@3-18 =e —| 
Fig. 5.51 


Sol". As this is a deck type girder, the live load is transferred to the top chord 
is. 











For Uilh 
Considering equilibrium of left part of section (1)-(1) in Fig. (5.52). 
EM, =0 
Fry. X4 = R, x3 (Compressive) 
M, 
or, Fow2 = 
Maximum ordinate of M,, =24=#) _ 08-3) _ 4 5 
7 18 
Maximum ordinate of ILD for Fry: =-=0.625 
ane 


For U3U; 
Considering left part of section (2)-(2) 
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'nficcnce Lines for Simple Structures 
LM; =0 


Foavs X4= Ry &2x3 (compressive) 





Maximum ordinate of M,, = a(é=2)_ 3218-6) 
; fo Ag 
Maximum ordinate of ILD for Fox;3 =0.25x4=1 


For UUs . 

Considering left portion of section (3)-(3) 
=IM,,=0 
Fusya X4= Ry x3x3=M,, (Compressive) 
Frsys%4=0.25xM 4 


Maximum ordinate of M,, =) = SA-9) 45 Ps 


Maximum ordinate of ILD for F,,,,4 =0.25x4.5=1.125 


es 

















—————————_——e—le. 
7 Ee 


fafloenee Lines for Sismple Inflsence Lines for Simple 5 








when unit load is at Us, R, =0, _— 

~ Poltom members , | For Use *™ Fons=0, IL ? 
: Considering equilibrium of 1 is drawn in Fig. (5.54), 

left part of section (4)-44) in Fig. (5.53), the right of it, oft pan of the section (2)42) and the 

e a unit load at 
Figs 424, *3 Foss = R, (Compressi 
Fors =0.25%*M ir | when load is at U;, 
x(t-z) _ 318-3) 95 m | 





of Hu. =— FZ 18 When load is at U3, 

















: = > =0.625 
ordinate of ILD for F213 =0-25%?.5 similarly, considering 
Fi313=R, (Tensile) Z 
. For Lola % | i ‘4 
Consider keft part of section (3. (9) When load is at Uj, R= ie. Fy, =0 
1x4 yx %2= Mis When load is at U2, oS 1. frimeres N 
or, Fuzp3 = 0-25%Mr3 ; sane 6) 3 6x36 Fuss =¢ 
a(f-z)_ 3%2(18-6) _ 4 Now, ends at U2 and Uy are joit it 
Maximum ordinate of Mp3 =——>— 18 & between these points. Cease aaa tos Sees. oe farts 
; xe er For Usla 
Maximum ordinate of ILD for F314 = 9.25% heen 
When the unit load is on left side of Us or on the right sis 
M nee Tight side of ii 
f ‘ © is © iy Us Us transmitted to the joint U, and will be no force in UsLs. ae 
: le When the unit load is exactly at Uy, 
I  =1 (Compressive) 
A: Dis shown in Fig. (5.54). 
: GD L & ts 
u @ © eg 2 @ 











ILD tor Lower members ee 

Le : ce 

For LoL 4 kN 
ds ‘SS 


For Lal —_¥. 












































For Vals 








Vertical members Fig. 5.53 


For Ula 
Considering equilibrium of left part of section (1)-(1), in Fig. (5.54), 
= R, (Compression) 








When unit load is at U;, R, =0, ie. Fro, =0 
When unit load is at U2, R, aos oe Foz: =) 

6x3 6 Pte 6 
Similarly, considering equilibrium of right part of the section, 


Foo = Ry 


Fig. 5.54 
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180 —————— es 





i ing forces at joint Ui, 
the load is at right side of Uz, resolving tte . 
Q=tan is =53.13 


Fa sin@=R, (Tensile) 


a= cosec = 1.25 Ri , 
ne ies ie Fra 2 


“When load is at Ur, 
; 5X33 py a1 25x2=1.082 
© When load is at U2, N= G36 3 aan 


When the unit load is exactly at Ui there will Be no force in Ula and the ILD 


is shown in Fig. (5.55) @) ® 
| 


Us 














} 
ss ® g ® roses 


























« 
ILD for Diagonal chords 
h 042 + 
For Uile | Us 7 G U; 
Yi camer 
For UsLs 4 
9.21) > 





ae 


At 





em] ——p 


Pla Fig. 5.55 

Considering equilibrium of left part of the section (4)-(4) and let unit load is 
at right part, 

Then, F,;.,; sin@=R, 3 


Fo2j3 = R,cosec @ =1.25R, (Tensile) 
When load the unit load is at U;, R, =0, ie. F,,,,=0 
eb. fai = 
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Tafluence Lines for Simple Stucises 


When load the unit load is at'U,, p 4%3 2 
Lo Za RS 


6x3 3.77 Fun =1.25x2 =0.83 


Similarly, considering equilibrium of. tight part of the 3 
‘Section, 


Fors Sin 0 =R, 
or, Fy213 =1.25xR, (Compressive ) 


When the unit load is at U,, R,=0,ie. F 
Pee hyp 


When the unit load is at U,, _1ix3 1 1 
‘ x3. 6 Fors =1.25x—=021 


The ends U; and Uy are jointed showi : 
between these points. _ | owing the change of nature of fores 
For U; 

ILD for this member is drawn exactly in the same w: 

is to be considered. The diagram in shown in ‘ee 





as above section (4H4) 


Example # 5.14 Draw influence line-for the forces i 
Ee nes) in bar ED of the truss 


(TU. 2055 Shrawan} 








Sol ; 
To draw influence line diagram for the forces on bar ED. Pass section 
(4) as shown in figure. : : 


Let the ‘uit load be any where on the bottom chord’on the left side of D- 
Consider right part of the section (I)-(1). ~ 2 
Resolving vertically, we have. 
Fp. sin@ =Ry 
Fey =Ry‘Cosec ® (Compressive) ; 
Now, Peni eset -were-on the bottom chord of the 
Let the unit-toad be-any ving vertically. 


right side of 
D. Consider right part of section 1=1 resol : 





Fry sin =Rj : 
2-Fep=R, Cosec® (Tensile) 





for Simple Structures 


, i is drawn. ILD for this will be 
for the quantity cosec @ ; is u ‘ 

triang! : Ee ee cosec @ at the left end and zero at the right. Now the 

F of diagram on right side of Lz only will be considered to represent the 

nD ie Fgp the range of movement of the unit load from D to right end of the 

lower members. © 

E| 











Fig. 5.57 














Maximum ordinate at any point = ao 2) 

<. Maximum ordinate at C =ht-h) 
Reese ofbac = = Li) sssec8 
<. Maximum ordinate at D uh = bn) 
Ordinate of LD at D a dalla) see 





Example # 5.15 Draw influence line diagram for the forces in the members 
of the through type bridge truss shown in Fig. (5.58). 


- Us U, Us 














Compression member 





ae of Lp —2x(e—a) z 8x(24-8) 











Andlecace Lanes for Sismple Stroctures 


Now, the [LD for the quantity cosec @ Ry in drawn, 140 for this Will hy a 
triangle whose altitude is coxep 0 at the left end and coro at (He Figlil, Nuw thy 





past of diagram on right side of fo only will be considered 10 fepresen, the 
| TLD for Fyp the range of movement of the unit Toad fram 2 to fight end of the 
lowes members. 


? 





Maxamami orfinate 0 ay pact aie 
+ Meccan onde at 6 hk-4) 
L 
Maximam: onfinate f Mi a6» tanh, ) nasal 
SGanmem ontiaar 2 hdl Lo] 
Cortina of £5 ELS nee 
& 


Emampte #215 Sram stinener iar teoagoen Su toe Sonos 1 the MeaeP 
tee Samah age “nidag em thames x Big (ty 











F K is 
iv 


if i" | ‘ 
vite Mean 


| af 
| rot Ust Jiu = 


pry KLE 


tH 


i id 
(ratte | a i/' é 


Wi 





P HER LO wig 
hee A hb ty ee oe 





ee Satara ba Scape Some 
a Orppemate jet 1, wa toca the ait tant ie Lar 


Ties © the namie member 
6xih-4) 2 4 
eae UP em "Saul 





Fas ipcen thsi aoe 

load to on Sue ee 

Conder te gu puta tr wenen (S13), Renting veehediy, WE Rilne 
fogs 04S = te 


hessg eth negra) 
Whe the sit lal 3 om tigi sie A 12, Comasdes the Sele past h the 
teeta 5 <5 
Rewbrag retina) we wave 

Soscs a af 

7 ~t2 £ 

Wher Ge raat ia wraety wf: 

bat 





f 
Whew Se sett losers va Orathy wt he 


From pro Sate $15, 95 seh 0 16 tee seater i ten spscrey of 

2 a betwtem comeicos ‘patie tree 5 pees tS 4 syn Gee 

5 es Hahn wie VS A ine rag C aisha ir ses seg 
Aum wt Goan Soin 26 to Secs tee BE ogee. eats 

(ee TRIE 

EF. SS ae FYB 


tis 


é 
Vet Ge wrt, By? 
ed rena 
“ * &; lesnitey 
Mh =A 
POA ht carting sy Ok WO Site oh toe yet La, cami 


Few rany Cy, igang 
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i where only the forces on joints are pennitted. A typical 
rigid frame is shown in the figure below, The joints B and Care Rae 
connected whereas the Supports at 4 and Dare hinge and roller Tespectively. 


Steps for drawing moment Shear and thrust diagrams, 

1). Find the support Feactions of the frame considering three equations of 
equilibrium of the entire structure, =F =0, ZF, =0, DH =0: 

2) Isolate each member from the frame and draw free body diagram for 
each of these. 

3) Draw the diagrams taking the value of tioments, shear and thrust 
from the free body diagram considering the following sign 
Conventions. Bending moment is drawn at the tension side, 





‘Sign convention 





Fig. 6.4 

‘be 

“Mucture from inside’of the frame. a a 
Eample # 61 Draw’ moment, shear and thrust diagram pee 

"200 shown in Fig. (6.2) 





169. 








. Day =O, 
‘ex, Rpx8-60x6—40x2~-20x3 =0 Leto ree ai 


Rp = 625.4%. 
Fig. 6.2 ar=3m, My =60 KN-m 


1} The reactions are determined 0 ¢ 
penne the equilibrium of the 5 c is : 
as cian 3am s 
: » EF, = 9, i2 4 : =0, es —— 4 
fee Se (eee 
se : T, = -37.5 kN, 
+ eee Fe=-20kVand M,=60—24¢-3) 


z=6m, M,=0 








and moment at joint B is equal to 
zero. It is clear that 

the horizontal forces (20-20=0) 
balances each other and it is not 
necessary to add any horizontal force 
at B in the member AB. Similarly one 375 62.5 


ee ae 
= ek he B Cc (ii) For member BC, 
suet T, =0, (No axial force applied) 
2) The free body diagram, of the frame 20 kN F, at B =— 37.5, at F =— 37.5 +40 =+254N 
«is shown in Fig. (c). Frat @ =25+ 60 = + 625kN 
Ray A D Mg = 60 kN-m, Mp =60 + 37.5 x2 =135 kN-m 
Note: that when member 4B is Mg =60+ 37.5 x 6-40 x4 =125 kN-m 
detached from the frame, one must 
add vertical force of — 37.5 kN and Ra Final diagrams are: 
the moment of i 
should add vertical force 37.5 — 40 - 
60=-62.5 KN at point C to keep the 9) Free tary Sane 
point in equilibrium. The opposite of 


B to keep it in equilibrium. The force 

and moment are balanced by the 

opposite forces added at point B of 

this force is applied at C of the 

imember CD. The joint C of BC is ay 
horizontally in equilibrium as no eo 
horizontal force exists and also the ‘Bending moment 


member BC such that sum of force 
moment at C is zero due to applied 
ac 





forces. 





#90 





2 ean Feces 


; “Enmnaple #62 Agi tame cre & concentrated lon of'50 kt es shown ig 


© Sapures Draw thrust, shear nod beading momeot diagrams for the frame: 


BOKN 


1) Finding reactions, 5 eS 


EF =0 





3) Thrust, moment 
taking the vals font 


d) Axial force (KN) 


without finding the reactions first Inthe case one has o stat fom pains * 


Example # 6.3 Draw thrust, shear and bending moment diagrams for the 
25 kN 


frame shown below. 


¥ « ae tae 
; fecal dagen, SY ay 
B c 8 : ‘ 
c 8 a 
: eo 
A 
60 OS Ale 
€) Shear force (kN) 
Note: In this problem, one may directly start to draw free body 


c 


b 


é 






4) Bending moment 








35 — 
a) Given beam 
‘et Fig. 64 
|) Finding reactions at supports: 
TF =0, 
.-10-5x4=0 
°, Ree =30 
t= 
= y=0, cae 
VBA H Rep = DS sansnenernns 
Up <0, 


OY, yx 3.5425 «2.54 5x 4124 10 
2 Ry =37.86 
ubstituting this value ia Bq- 

"+ =-12,86. (Direction is oppose 


Re 
x3 1p) Reetion foroes 


193 


ng assumed) Z 








% -.3) Drm the thrust, shear and bending moment diagrams. 








Note: Bending moment in the member varies in parabolic way due, 0 the 
presence of uniformly distributed load. Moment at F which is= 30 x 30- 5%, 





so’ ? 6 ¢ tm 

1y Finding four oma suppers: T ba 
There are four unknown reaction, 
However, the hinge at © provides an ‘ 
additional condition of eauilteue : 
The vertical reactions at A and F are | A 
determined considering equilibrium oe 2 
whole the sitar, Horizontal i ny, 
reactions .are determined 

moment of forces about C ‘- moe ‘ ro 

of hinge only: Bs 


TF =0, Rar— Rp, =0. 
TA, =0, Rat Rp -5x 


0, Ry PB 8S cies cctien OF ma: 
2M, =0, : 


2 
Bex 6-5 x © =0 Ro = 
or, Rp = 33.75 Ry 
Substituting this value in Eq. (i) gives watt 
Ry = 11.25 peace tans 


Now, take moment about point C. Consider forces at the left of the hinge 





3 
only, ie. SMo=0, or, = 1125 x34 Ag 4+5 70 


oT, Ret =2.81 
Substituting this value in Eq. (i), we gets Br 


YD ‘ 
raw free body diagram me 


NN f 
= fos #3 
2 mg , 
6 15) 
281 


=281 









B75 
2 7 
28t aa a 
c D 
ais, 37° de 
A 
315 
11.25 
a, pF aT cba ner 
te: that at point D, balancing ‘forces: f i. ot 








1 pegs al 





: ; 1. 
4 Dred the dart, sear ard miorment diagrams as per the values obiined in Wes Wniateass 


«ys free body diagram. 








b) Reaction forces 

IF, =0, or, —Ryz+25 00s29.75° =0 
or, Rg =21.7 

Ly =0, or, Ry + Rg-25 sin29,75°- 15x 4 =0 
or, Rat Re =T24 un 

TM, =0, or, Rex 6-15 4x 4-25 sin2.02 =0 
or, Rp =48.41 

Substituting this value in Eq. (i) 
Ry =23.99 


2) Draw free body diagram, It will be easier to start drawing fee boty 
diagram from the member DE. 


1) Bending moment in (kNm) : 
Example # 6.5 Draw thrust, shear and bending moment diagrams for 


the frame shown below. her 


73.64 15kNIm. 

TW ; 
4 
At 

11.59 * 





ee 
H Usbatanoe moment at C for member CD 
= 4841 x4 = 15 x= 73.64 EN 
2S fiatancing moment =— 73.64 kN-= 
geet Yow, moment st B=23.98%1+ 21.7 x= =61.955 
- “3 Now draw thrust shear arid banding moment diagrams. 
Thrust ot AC = 11.54 00829.75° =— 10.06 kN (comp.) 
AC =O and DE =~ 48.41 kN 
SF AB =21.7 sin60.28° + 23.48 sin29.75° = 30.74 IN 
BC =30.74~ 25 kN 
C =-11.59 RN, and at D=+48.41 KN 


A good solution to the above 
nothing but a curved 






i 


BM es drawn from the values taken from the free body diagram. 


bh] 





parabol jc according 10 its shape, it may further 
‘As arch may be circular oF ies 10 ae sey condition and the additional 
mys nd 
cool eng te member. They a shown 2 
ion 





Three hinged arch 


B 
A, 
algae 


Fixed arch 
Fig. 6.9 


The three-hinged arch shown above is a determinate structure whereas two 
hinged and fixed arches are indeterminate structures. 


6.3 LINE OF THRUST 

If the magnitude, direction and point of action of the thrust T are known at all 
the section of an arch, then a line of thrust, which is a funicular polygon, C#® 
be drawn. The bending moment at any section of the arch is then given by the 
product of horizontal component of the thrust and the ordinate between the 
arch axis and the line of thrust. i.e. BM=T' cos @ x AB 





Fig. 6.10 


200 








Frames end aio 


‘as bending moment is proportional to ordinate AB (Eddy’s theorem, the: 
grape of the arch axis is chosen such that it coincides with the {ine of thrust. 
jn that case, the bending moment in the arch will be zero and one rainy just * 


gesign an arch for axial force. When uniformly distributed load is applied 
slong the span of an arch, the bending moment diagram and the line of thrust 
will be parabolic. If now the arch can be constructed in parabolic’ shape, the: 
jine of thrust coincides with the axis of the arch and bending moment wil! be 


10. : 
ris also to be noted that when the line of thrust is above the arch axis, it 


causes 


sagging moment, otherwise it causes hogging moment at that point. 


6A THREE HINGED CIRCULAR ARCH 
Let ACB in the Fig. represents a three hinged circular arch of radius A. Dis a 


point in the arch with the co-ordinate (x, y). Completing the circle from the 


d y=Rcos0-(R-h) 


og te ¢ and rise h may be found as 


nt (arch) and from the property of circle, the radius R of the circular 


=h-R(1—cos8) 














<=) @6 ANALYSIS OF THREE-HINGE ARCH 
ee ‘The following are the steps used for the analysis of arches, : 
' 4) Draw an arch and the reactions at the supports, It is usually better to | | 
“©. \ghoose'a.correct direction of the reactions as shown below. 


Wy Wa 






; " Since no horizontal forces F : 
; utes let it be H. Ar applied, the reactions at A and B are equal end 
2) Apply three equilibrium equations 
= =0, M, or Wy = ; 

EF, =0, A 0, M, or G 0 : a Apply Liy=0, or, Ry +Ry-150=0 

to determine first the vertical reactions. Apply additional equation or, Ry +R, = 

SM, =0 for the either half of the arch to find the horizontal reaction. Sines ‘ae eae “reemnnnn @ 
3). Use arch equation to find vertical ordinate y and also the arch angle 8. a 4 agence 


Now the moment can be computed once vertical ordinate is obtained. 
4) Draw a correct free body diagram for the required section and resolve the 
forces to find normal thrust and radial shear at a section as shown in Fig. 


oF, Ry = =37SRN. Ans 








(6.14). F Applying the value of Ry in Eq. (i), we get, 
Pas et R, =150-37.5=112.5 kN Ans, 
aj oN 
Wr Wa i SM, =0, Considering right half of the arch only 
Ne get, 
Ry xl0-Hx5=0 
neeee e w= 22510 275 0 Aas 
J Considering the equilibrium of the left bal of the arch, we can get tbe 
az Fig. 6.14 ‘action at crown C by mental calculation only. « 
ZF, =0, 75-H,=0 = a) Het 
Note that all the forces shown are in their positive sense in the cases HL =75 
N=V sinO+H cos p pat 
F =V cos0—H sin8 ZF, =0, 1125-150+F, = 
; or, ¥ =375 i 
Example # 6.6 A circular arch of span 20 m with a central rise of Sm 
hinged at the crown and springing. It carries a point load of 150 kN at 5 * 
from the left support calculate. 1128 a) Section at G 


(The reaction at the supports 
(ii) The reaction at crown 











or, 3= 22-12 5sin0 


or, @=34.06° 


Now using y = Aoos0—-(#-h) we get 
=12.500834.06° —(12.5-5) 
=2.85 

My, =Hxy-Ry xz 
=75x2.85-112.5x3 
=+124 kN-m Ans, 


Example # 6.7 A three hinged circular arch hinged at springing and crown 
points has a span of 40 m and central rise of 8 m. It carries a uniformly 
distributed load 20 kN/m over the left half of the span together 
concentrated load of 100 kN at 30 m from the left end. Find the reaction at the 
support, bending moment, normal thrust and shear at a section 15 m from the 


left support. 20 kN 400 kN 








Sol°. The arch with support 
reactions is shown in figure 
Since no horizontal forces j, 4 
are applied 


H,=H,=H 
ZF, =, mM 

or, R, +R, ~20x20-100=0 

or, Ry + Ry = 500... 

EM,=0, or, Ryx40-100x30~20x 20 = 


2 
or, Ry =175 KN. Ang. 
Substituting this value in Eq. (i) we get, 

R, =500-175=325 kN. Ans, 


204 








8xb 2 
and zo L-hsind 
or, 15-229. 8=9.93° 
¥ = Rcos8-(R-h) 
=29 x cos9.93° — (29-8) 
=7157m 


Moment at x =15m is given by 


1S? 
Mig = Hy +20x——— A x15 


1s 
=I1ZSx 1514 x — 32515 
= 259.38 kKNm As. 
Draw free body diagram 2 
of the section of the arch in which nowin F 
Vertical SF ¥ =325- 20x15 =25 kV a 


Now, 

N=Vsin0+H cos@ 
=25sin9.93° +3215 x00s9.93" 
=312.13 RN ADS 

F=Veoso—Hsin8 z 

=25c089.93° -312.5 sin 9.93 
=-29.26 kN(N) Ans 

Example # 6.8 A ttree tne _ wat sig sha 

Saries wiry Seaton 0 EPS ig: omen ce 

Section, 





325 








os EE, @ 


am 


Bol*. The arch with its support reactions is given below. 


LF, #0, 
H,#H,=H » 





Ry 4 hp =e ...,... (i) 
=M,=0 = 





on, Ry xt ~ 

wt 
, By = 
oF, fy => 


Substituting the value of Rg in eq. (i), we get, A, = 7 


i! Ge 3 .My=0 (Considering CB portion only) 


or, — —-——=Hh 


or, Hh=——-——, oF, 
8h 
The bending moment at any point X at a distance z from A is 
2 
Mp =—Rya+ Hy 


we we? Ahe(t-z) ux? 

or, M, 2 a+ wh ame + a 0 
Thus the bending moment at any point of a three hinged parabolic arch 
subjected to uniformly distributed load is zero. Therefore, the external load 
by the arch is resisted by normal thrust only. Such types of arches are known 


as theoretical or linear arch. 





Example # 6.9 Determine the bending moment shear and thrust at point Dof 


three-hinged syrhmetrical parabolic arch. 
60 KN 


{T.U. 2045] 





Fig. 6.15 








Sol. The sch wid 


LF, =0, 
H,=Hy=H 


FeaCtiN 6 giver beheny 


L&=0, ° 
A, + fy -60=9 
ot, Ry +Ry=60 





IM, =0, 
Ry *40-60x20=0 
or, Ry =30 kN 
Substituting this value in Eq, (), we ge 
ep = 30 kN 
[+ due to 
=M, =0 and consierng C8 prion oy. A= 8, =308N} 
A, x20-Hx6=0 : 
or, H=100 kN 


Now we have from arch equation, 
4x6xzr 
40? 
OF, Y= 0.62—0.01S 2? enna (ii) 





She 
va t= (40-2) 


s. 0.6 -0.015x2 


or, tan@=0.6-0.015x2x10=03 0 
.  6=16.7°, and from Eq. (ii), at z = 10, y =45 4 
Mp =Hx45-R,x 10 
=100 x 4.5-30x 10 
=150kN-m Ans, 





For normal thrust and the radial 190 
tear, let ws draw the free body 
‘gram for AD portion as shown 
"the figure, Then, 


: = 100 cos 16,79 + 30 sint6.7? = 104.40 (+-)4¥ Als 
*30 cos6.7°— 100 sinl6.7” = 0.Anh 





30) 





- or, Ry + Ry -80=0 


© Finmgs ate Arches 


Example # 6.10 A throe hinge parabolic arch tis # span of 20 m and centra} 
rise of $ m, It enrries a opncentrated load of KO kN at a distance of 5 m from 
the lef aupport. 


(1) Determine support reactions 
(i) Pind the maximum bending moment and plot the bending moment 





diagram. 
(iii) Find the value of thrust and radial shear at the section 8 m, from 
the ioft hand support. 
Bol", The arch with its wn 


supports reactions is shown in Fig (6.16). 





6m 
HES Masten 5m + rae ~ 10m — 


Fig, 6.16 





ct EF, #0, 


Ot, Ry + Ry MBO sascsssessnserssnecnsenessessseneeneeoes (I) 
Take moment about 4, 
Ry x 20-80x5"0 
or, Ry = =200N Ans. 
Substituting the value of Rg in Eq. (i) we get, 
R, =80-20=60 AN. Ans, 
Now, take moment about C and consider the right half of the arch only (CB), 
then 
<M, =0 
or, Ryxl0-Hx5=0 
20010 = 40kN. Aus 
b) The equation of arch with its origin at 4 is 
dhx(t - 31) ie 
@ ostapprcenieseatecconicain bagoersentiy CUD) 
and the maximum positive bending moment occurs under the 80 4 losd iL. 
at r= 5, Putting this in Eq. (ii) 
4x 5x 5(20-5) 
207 
=375m 
Now, My =My-Ryz 
= 40x 3.75 ~-60x5 
=-150 kV-m. Ans 





or, He 


y* 








Y 


Pam Aris 


‘The maximum bending moment will ose in span co, 


Then tra eats fom 4 
yn $rQ0e2) | 100-1 
2» 
M, © 20(20~ 2) 408-2). sag 6095 291 
For maximum of ty, He « 60 +42 «9 Lgl 9 


M, = 400~ 60% 15+2x 15? =~SOKN ~m Ans, 


Now the values of maximum 
positive and negative bending 
moments are known. Thesc 
points are joined by straight 
lines (point load acting) in such 
8 way that the point of contra- 
flexure (change of moment) A 





occurs at C, The plot of bending 
moment is thus shown in figure. 


¢) For the thrust and radial shear at 8m from the teft hand support, let us first 
draw free body diagram of the Section, F = 60-80. ~20 kN 
The direction of Fand N are 
shown in their positive sense, 
we have, 
4hr(¢- 2) 
e , 
4xSx2(20-2) _ 7 pop, 
y= 0! hae x) 
& 2-2 
or, " I 0 


2x8, geital 
or, tan@=#t i 





y= 








235.3 EV () Sd 
= 2745. N(1) Ane 


Normal throst N= 400081131" -2sinl 13!" 
31? absin 1131" 


F 2~20c0s) 





Example # 6.11 Find the moment, shear-and thrust at point D for the three 
bhimged parabolic arch loaded as shown. (ru, 2646) 








Fig. 6.16 
Sol®. The arch with its support reactions is given below 
42kN/m 
UF, <0, 
Hy =Ha=H 
En=0, ug 
Hy+ Hp- 12x 20 =0 
Of, Ry + Rg =240 -eereesee-r (i) 
XM, =0, 
20? P 
Ryx 40-12 =-=0, ig = 60 KN 


Substituting this value of Rp in Eq, (i), we get 
Ry = 240 - 60 = 180 kN. 


=M, =0 considering CB portion only. 
Agx 20-Hx4 =0 
or, 60x 20-Hx4=0 





or, H=300kN 
4x4xe 
wehave, y= 0 (40-2) 


or, 





Sa tand=04-001x22 


at x2=10, tand =0.4-0.2 =0,2 
ad lg 
Again, putting z = 10 in Eq. (ii) 
y =0.4« 10-0.01 x 10? 
yrel 53 





210 


Faeroe 


Now, Mp =Hx3-Ryx 104 12x 19,10 
2 
=300 x 3 ~ 180 x 10+ 600 =-300 ive J Ans, 


For normal thrust and redial 
shear force at D, let us draw free 
body diagram of AD portion as 
in the figure. 


121m 180 





N =300 cos! 1.31°+ 180 sini131° 
= 329.47 (<) kN Ans, 


F = 180 cost 1.31°- 300 sin 11.31" 
= 117.67° (1) KN Ans, 180 


Example # 6.12 A parabolic arch hinged at springings and crown has a span 
of 20 m. The central rise of the arch is 4 m. It is loaded with a uniformly 
distributed load of 2 kN/m on the left 8 m length. Calculate 

(a) The direction and magnitude of reaction at the hinge. 

(b) The BM, normal thrust and shear at 4 m from the left end 

(c) Maximum positive and negative bending moments. 





Fig. 6.17 


Sol” Let us first draw the reactions of the arch 
je—— 6m——n 2 kN 
EF, =0, rr 


or, Hy Hy =0 








=F, =0, 
or, Ry +R, -8x2=0 
or, Ry + Ry =16 
UM, =0 





oy By x20-2x5-20, By 23.2 ; 
2 











‘Prames ned Arches =~ 
yw, moment at 4 m from A is 


- Substitating'this value in Bq. (i), 
‘We get, R,=12.8 AN 
Agnin, apply EM,=Oand consider CB portion of the arch only, we Bet, 
B, x10-H,x4=0 


omy, Byatt we 


2 
Mam Hy x2564205 rea 


=8%2.56+16~12.8x4 
=14.72 kNm Ans, 





thrust and radial shear are calculated eek 
ofthe section AD. by the following thee hody 





¢ F 
~ gubriuting tis valu in Eg i) we get, H, =B RY 2(12.8-2%4)=-48 21m 3 
©The reaction at hinge 4 is thus, y =8c0825.64° +4.8sin 25.64° re 
~ sPeaubians resction ot A= JR 4+ H 5 =2.29(€) KN.= 9.29 As, 
‘ PB 0 a i 
gt Aa di28? +8? =15.092N, Ans, =4,8008 25.64" —8sin 25.64 $ ee 
z a3 =0.87(4)KN. a : 
The direction of the resultant is given by Aus 
tan@ eer) E bs x 
ain) ) Maximum positive and negative bending moments 
2.0, =58° Ans imum +ve BM occurs somewhere at section AC” 
Similarly, it is x distance away from A 
Resultant at point B= 3.2? +8? =8.624N. ‘ pee 
Direction 6, = tan ee 32 8° Ans » M, =71282+2>+8y Waren | 
Ranson Cis same feacon a3 en byt allowing ebay M,to be maximum, at 9 
diagram. s 
So, resultant at C= 8.62 kN. Sng. ~12.8422+8.%<0... sansdonegeraer trina ND) 
Direction, 0, =21.8° Aus, Fs 
(b) Equation of parabola is ye Bue 2) ttuting value of” from Eq (i). 6 Bt 
at h=4, (=20 ~12,8-+ 2z + 8(0.8 -0.08z)=0 
4x4 " #=471 
I O- 2) 
1 
Ot, 7082-0042 crnmemnnmnnenn (li) 2 Ve Mux é 
de ‘ Eq. (v), M, =-12.82+2° +87 
or, 208-0000. Vena Sassdicsstossongartavittee (iv) Fu y= (0.82 -004x2") Eq. (iil) 
Now, from Bq, (tii), td 2471 > 
Haha ado hes We sagnacyo At +Bx(08x4 71-0247 } 
é b Mgg, 12.8% 4: J : 
and from (iv) ~ 15,06 AN =m (Ali clockwise) uae 
tanO= - = 048, 0225.64" 








J aA Ia 


¢ Suondtarty, eoxitoum ~ ve beading moment 
ae ‘La, 2 in the Gitioce from B left to Oe 


1 incfopoen, M2 By2 Hay 


‘occurs at the, section CB. 
arch section al E, where BM is 


psc equations willbe sata to Eq. (i) and (i) 
‘Wich are, y°= O.8z'-0.042 


¥ -9s-o0tx2e 
a 


: 2 di whe man, = 0 


Pd 


pee o 2,-H, 2-0 


a’ 


‘Substiusing the values 





Example # 6.13 A parabolic three-hinged 
im. [tis loaded with a uniformly distributed | 


3,2 -8x(0.8 -0.08s')=0 
or, 32-6.4+0.642'=0 
or, Sm 
~ max-ve moment =Ryt'-Hay 


=4.2x5-8x(0.8x5—0.04x5") 
BEN-m(,)) Ans 


from the left end support. Draw the bending 


position and magnitude 


arch has a span of 20 m and rise 4 
load of 20 kN/m for a length of 8 m 


moment diagram and find the 


of maximum BM over the arch. 


Sol" The arch with its support reactions is given below 


of, 


LF, =9, 
H,=H,=# 





Lhy=0, Ha 
R, + Ry -20x8=0 
Ry + By =160 ener (i) 


4 2 
LH, 20, oF fi x20-20x5=0 


20x8? 
7 
on B= F997 UN 


Substituting the value of Ry in Eq. {i), we get 


24 


R, 2160-32=128 kN 


—— 8m —4 
feweenyeld: 


20kNim 


4] La.=0 ‘ 
Considering (3 portion 








Ba *10-Hxaeg of the arch only, 


Rx 
or, Haaexl0 
rae 


M,=-R : 
o 1x84 Hy, 429.8 Sea 
2 

2s  ledes : 

128x8+80x3.844 29,8 00-9. i 
=-T6.8 (ve si 2 

ign shows clockwise 
moment 
BM diagram is as follows f 


As seen from the m polaron 


4 
We have, Sun 











_4xdz 
or, y= (20-2) 
or, =y=0.82-0.04z? 
2 
M, =Hy+ Eas Fig. 6.18 


= 80(0.81 ~ 0.0427) +102" - 128% 
= 6.82" -64z 





WM, 4 
ae, | OF 6.8x22-64=0 
64 
or, r= =4) 
rT rr ae 
He M pay (400) = 6.84.10? - 64x47) 
=150.59KN ~m. Ans. 


te negative bending moment ozcur at distance + fom B, sch tht 


M,, =R, x(t-2,)- Hy, he, 
a—— (t= 
= 32(20~2,)~80(0.8r, ~ 0.0481) eal 
= 640-962, +3227 * } M8 20-5) 
: i 
aM. yy208%, 0.043; 


*'S maximum if -=0 
1 








ee i) 
nee. 
aie! TR x ae elie 


ct) 
: eM, apd = 96x18 + N.2e 15? = -80 AV =m ADS 
MD is shown in Pig. (6.18) 
- Baampi 9 6.14 Find the stresses at a section 5 an from the left hand support 


x ~af'a Byrwe-binged parabolic arch with supports at the same level 
vos 20 kum 









’ Fig. 6.19 
: Sol”. The arch with its support reactions is given below 


H,sH,=H 
R, + Ry -20%17.5=0 
of, Ry + Ry = 350 nee 


Ra xa0-20x175{5¢"22]=0 
ot, Ry =160.42 AN 


La=Q 
Lhy=0, 


IM, =9 


‘Substituting the value of Ry in Eq. (i), we get 
R, = 350-160.42 = 18958 kN 


IM, =0, Considering CB portion only, 
1S 








Ry x15-Hx5-20x—>-=0 
2 
160.42 «15-20% 2 
or, He 2368.76 kN 
. 4x5x5 
y= 00-9) 
Now, moment at r=Sm 30 
My =H.y-Ry x =2.78m 
= 368,76 x 2.78 —189.58 x5 


=7712SkN -m 





Pree dae 





For normal thrust 
Sm section, te ruil shear tt os fit dn the s 
we free 2 My e 
18953 ‘iy dagen a 
: 
A. 
me, 
» 368.76 : 
——Sahneg 
We have, Be 
re 4xSz 
y Jor 00-2) = 0.6672 ~ 0.022? 
dy 
Ge 0067 0.02222 tan 
or, tan 8 =0.667 ~ 0.022 2x$ 20,447 
6 = 24.08" 
Now, 
N=Hcos0+V sind 
= 368.76 cos 24.08" ~ 189.58sin 24.08" 
= 414.02 AV(C) go 
F=FcosO-Hsin@ 
= 189.5805 24,08° - 368.76sin 24.08" 
= 22.62 (4) Ans, 


Example # 6.15 A three-hinged parabolic arch hinged at the supports and at 
the crown has a span of 24 m and 4 central rise of 4 m. t carries concentrated 
load of $0 KN at 18 m from left support and uniformly distributed load of 
30 kAym over the left half portion, Determine the momeat, thrust and dil 
shear at a section 6m from the left support. 


Sol". The arch with its support reactions is given below 
30KNm 


SORN 





tr =0, 

4, =H, =H 

LP <0, Ha 
4, +R, —30x12-50=0 


8 Ry + By S410 cnsincrnsnr nr 


“Frames und Arches. 


* 
EM, =0, ot fy x24 8018-302 =0 
on Ry 127.5 EN. 
‘Substitating the value of Ryin'Bq. (), we get 
Ry = 40-1275 = 282.5 kN 
EM,=0, - Considering CB portion only, 
Ry x12—Hx4-50x6=0 
127.512-50%6 _ 4075 py 























o, H= 4 
Sol”. The arch with i $ 404N 
{At 6 m from the support racionsisgieatan et Le 
4he(é-2) TP. =0 3 
=-R, x6 + Hy +30x— where y= ma 
Moa—Rh, x6+ Hyp + iy : e Hy =Hy =H C 
2 at r=6,yp = A 
Mg =-282.5x6 4307.53 +30 5 . Tr =0, ee tne anon sm YB 
=-232.5 kN-m. Hy+ Hp-10~5x10 =0 
or, Rat Rg-10-5x 10 =0 ........ @ Re 
Vertical shear ae 
V=R, -30x6 IM, =0, Ryx 10-10x5~5x 29 
= 282.5 -30x6=—462.5 kN : 
Substituting the value of Rg i i 
ae ’g in Eq, (i), we get Ry =30 kV 
Angle 0 is give by UM, = 0 considering CB portion only, eu 
_ 4ha(¢-2) 2 
x ra RgxS—Hx25—5x=0 
dy. 4h(¢-22) 
= tn0= or, 305-254-429 or =35 kN 
or, jun wo 2S) Ne have the arch equation 
24 ~ 4x25 99 
0=18.44° Seg te 
OF AOE asnennn sessment) 
N =307.Scosi8.44° + 462.5sin18.44° = 324.13(<-) Ans, or 
F=-3075sin18.44° + 462.5c0s18.44° =0(1) Ans, cy eas 
t pen Ba tand=1-01 1242 06 
6 =30.96° 


Nga: 
‘ain, Putting z =2 in Eq. (i) 
218 ¥=2-O1 x2 =16m ee 





; 5 a 


235 x 1.630% 24 5*2 











=6 KN-m. 
é t ane 20 kN EM =0, Ry x 14 +8 cos4s? 5 2 
Se : and radial shear force at D; Bae a *TIS-8 sings? «195-2145 5445 9 
: sags body diagram of AD is shown in figure. 2 of, Rp =9.254N : 
: P. 575 
oa. in30.92" Substituting the value of Ry i 
22 235 0830.92" +20 sin30.92 eval iia tea 
: = 403 (<) Ans. - 575 ana SMe =0, considering 4C portion AG te kN 
< f =20 00330,92° ~ 35 sin30.92 
= 0827 (1) Aus 30 Mga “Max? +2%20) 0 
f 5 or, H = 28 T=4 1129 ey 
resultant at point D for the parabolic ' 5 
saan tlw oo Mail Substituting the value of Hy in Eq, (i) we get, 
pen Hp =Hy+ 5.66 





= 11.29 + 5.66 = 16.95 kN. 


Example # 6.18 For the three-hinged frame shown as loaded, find the 


reaction at the hinges and the position and magnitude of the maximum 
bending moment. 





T.U. 2046] 
Fig. 6.21 25\N t , 
Sol”. The arch with its support reactions is given below. 


2kNIm 






Ry + Ry =8x 7425 
Of, By + By =81 RN eens 
'°w, Taking moment at A, ; 
=0 


Tay 20, Rye 4-25 41-87% 5 


IF =0, Hy—Hp + cos45° =0 or Hy — Hy =-5.66 0) 
IF, =0, 


or, Rat Ry = 14.66 





Pipes peers |) 





Since the force of 8 kN is acting at D, we first need to find the vertical 
ordinate of this point before proceeding to YM, =0, Ry =33.64 kN. ) 
‘We have, 


P20 








+ Prenes end Races, 


3 Paning valor of Ry in Bg, (3) 


ae ey 
cy ecmagt al ws 
, Sour ter pecan ee 
Again cousderng moment at C, Taking CB portion only. yor) : 
DM, =Bgx 7-25 x4~-HxS £ 
ot, O=33687 x 7-25x4-HxS The reaction at the two ends 4 
v and 
oy B=27.1 WV () ee et J hee both wns a 
" : the two supports will be cquat mg nat UY: hin x 
Now, Taking aC portion. Lae 
aiedee te king moments about ey see can Se 3 tye Sod bs 
= x-2ixy Can support: “A 
M, =4736x-27.1%y equating the same to zero. taking momems abour (and q 
a” z=@, y=0 z Gs } Ps 
poke oO pap aes Sow in Fig (624) Fea a mh fm ne 
° ind the beading momemt at 2 poi ae 
%e yagi RDS left hand support. 2 pont P. 20 2 fom de 
Sim, )=4736-27-1.tan59.04° Sef" 
Given, 
=2.186 (+ve value) wer seas 
hava Hock ‘ 
eR ieetwe ted 6 bn 
Bhs =48.82 KN. 
M658 in. £,= 60-20=40m 4 
Horizontal distance between 
ri 





6.7 THREE HINGED PARABOLIC ARCH SUPPORTED AT DIFF. LEVELS 
Consider a three-hinged parabolic arch ACB, supported at different levels at A 


and B having hinges at A, B and Cas shown in Fig. (6.23) 
2 Ye=3m 


Difference between the levels of the two supports, 
d=9m 
le, @ =Span of the imaginary arch ACD, soch that 4 2nd D are at fe 


same Level. 
Ry = Vertical ation at and 
Rp = Vertical reaction at s 5 
We Kao na ae of ech at any scion Xt asanes fo 









Fig. 6.23 


= Span AB of the arch, 

= Height of the crown C from the upper support B 

= Difference between the levels of the two supports, 
= Horizontal length between A and C, and 

= Horizontal length between Cand 8 


yet te) Pe teal 
yams 
pee 


nha 


-Fe-9 See 








EOIN asc UuNsataneAyseree on 








5 2880 _ 1,72,800 


Nee € 








vitig the quadratic equation for ¢ , : 
: 3202 d207 4x19,200 


2 





ps om 
Substiniting the value of ¢ in Eq (i) 
: 48r 

RAclers deo) 


+ Rise of arch at Pi.e. at a distance of 20 m from A, 
: 48x20 48x 20x 60 
= ‘80 — 20) = 
z 80? : ) 80x80 
Taking moment about A, 
Rgx 60+Hx9 =1 x 40 x20 
Pee a : 1 Disaster) 


Since the bending moment at the crown C is zero, therefore 
3H = 20R, 








=9m 








Substituting the value of H in the above equation, 
(eon }=208, 
9 


a 207, =200, 
4on, =? 
oe hg ot ee La 20 
Saye a Me Ss 
20 _ 100 
saSerar Be Be 





2A 


: Fe fn 





= 66.64 1m Ang 





The figure on the Tight hand 
side shows an arch of span 
tand rise h, 


(a) ILD for horizontal reacti 
Take moment about point C, 
then 

IM =0, Arch=Ryxs 


Bart os @ 


2h 





or, H= 








Let at any instance the unit load 
is at a distance Z from 4, 





A, 8 
sbviously at the position Hea C 
R, piles os « siried santo 
B 
sa 4 Fig. 6.25 
Substituting the value of Rg in Eq. (i), 
Ye get, H=—= 
® 2h 
at z=0, H=0 
Lees 
ane horizontal theust will change from 
8s, as ies Get tocd moves fom A a horizontal thrust 
to tot Obviously as the unit load inFig(625+) 
ay i .. 
Mill ch ‘4h : from to zero. The diegram is shown 12 iB. 
an, 
er 
ws 





2 wantin © 





‘ake motnent about J, My = Ry (0-2)-Hy 
But... ty (2) Beam moment at D. 


“beam of equal span with the arch, Thus if the influence: line of simply 
* Supported beam is: subtracted’ with the influence line for horizontal thrust 
multiplied by y, we obtain JLD for moment at D for the arch. The resulting 
_- Giagram is shown in Fig. (6.15-c) 


“force is in between A and D. Note 
that the balancing vertical reaction 

.. Ry will act upward, 

F Normal thrust (\) for the section is 
given by 

Nw =Hoos@- Ry sing ........ (ii) 
(With convention adopted for an arch) 


Similarly when the load is between A 
Dand B, the thrust is given by 
Nopg =H cosO+ R, sin ...... (iii) H 


Now with the help of relations (ii) 
and (iii) the influence line diagram Ry 
is drawn as follows. 

First we draw the influence line for 

H cos ©. This as a triangle whose Cc sino 
altitude is(¢/4h)cos@. On_ this 
diagram, we superimpose the 
influence line diagram for Rg sin 6 
for part AD. For the part DB, we | 
should add the influence line 
diagram for R, sin 8 to the influence 
‘line diagram for H cos6. The 
diagram is shown in Fig. (6.26-f). 
Similarly, for radial shear at D, 4 
considering Fig. (6.26-a) and (b) we A 
obtain the expressions 





€) Section at D when 
the load Is between D & B 





Fy =H sin® + Ry cosd enti ted 
Fon = Hsin @- R, cos 9) ILD for Radial Shear 
ILD is shown in Fig. (6,24-g) Fig. 6.26 


226. 


g 1D ja shown in Pig: (6 
“4 gxample # 6.20 Tosa, a 


: “§ Draw influence line for 
“At eaeane that the expression R,(¢~ zx) is same as that of simply supported 





reular arch : 
80 W tnd 200 rte 


bendin, : 
bending mwmen Ma Section 10 


Sn Of 38 mn with a contact oe . 
from eft wright, 
fiom the Jef hong 
{onus athe section dye 


2038 esta} 


to rolling loads, 
200 804 


Sol”. 

Given, 
Leading load 1, = 80 kW 
Trailing load _ W, =200. kN 
Distance between the section 
and left hand support, z=10 m 
Let, 
h=Central rise of the arch 
H =Horizontal thrust 
R, = Vertical reaction at A, and 
R, = Vertical reaction at B, 


Now, from property ofa circle, 
ee 
5 x= A(2R-A) 


Rp i cesesseeneenee (I) 


Again, -(f = Rein 6] 
Now, to find out the radius of 


Cireular arch. 


=21,75m 
To find angle.8,.-, 
Yehave, x= G-Rsin 8) 





pO ee NAS 1S~10 
oe onan 5 }-a* 


© When 2=10.0 
SS 4Q a f= 31.73ain 8] 


ge, WatS =21.7Ssin@ 


s 
21.75 


fe © Now nie of span (phen 2-10 m 


yah—R-cos8} 
6-21.25 - 0813.29") 
aS41? = 


AON. For herizosial reaction, use influence line diegram. Horizontal reaction H 


iY will be maximum, when the 200 £N load is at C at this point. 


ge Ney 9.200 1.25 + 801.25 x 





1s 
= 323.33 4N 


Let, point E at which ILD ordinate is zero be at a distance x from the left hand 
support. 
Now, from triangles 40,C and 46,5, we have, 

287 R @ 


Again, fram triangles BX,V and BE\E 
t 6.77 2 
Se eer erenrrirner reeteetitt) (ii) 
3-1 20 
From (i) and (ii) eliminating ¢, 
3-2 L977 
< 
or, 30«1.7377 2 
ash 
Sy 1.7377 
=17.26m 
From influence tine diagram for moment drawn on horizontal base. 


_ a) Positive maximum bending moment 


we 








2 200 x 2.1565 89 
= 508.4 kn ake 


Similarly, ive bending moment ; 
hinge pistes i Bative momen: wil Ree 
Apd BO AN load is wits ig he a 28 od et 
ae = 200 0.674 -$0,00.5) "OM Postion indicmed, 
=934kKN-m : 


Example # 6.21 A three hi x 
tise 8 m. Determine the maximum positive uc) san) *Bt 2 » snd cer fe 
section 15 m from left hand suppor, if a Negative bending moment ata 
kN/m rolls over the arch. Also, dete rape rmiy distributed lead of 50 
moment. absolute maximum beading 


Distance between the section and left hand support, 
z=lSm 


Load, w=S0KN/m 





Bg 2187.5 Be 


© Absolute mx RSE OAS, yg ang 
Ma Absohute maxinur beetist pecan 





Oe Riad Arcs 









5 Ex.4 A three hin Fina td Asches 
6.9 EXERCISE different levels ies woh has span of 75 a has 
EN wn in figure. }S-Supported @t 
: (1) There Met half portion. Detenmic & Malfor:oad of 13 
‘<p> Ex.! Draw BM, SPand Thrust diagrams of the following structures, tii) et 2nd moment 5 nom the 
- Magnitude and posit id ends. 
Moment inthe are, Pw Of imu sagging and bogging 
Aas Ry = 61284 
Ry = 113 kN 
Ry, =36.3 ANT Bi 
Fath 10m 
Me =+71.45 45m —>— 30 m— ; 
; Fig. 6.34 


Ex.5 A symmetrical three-hinged parabolic arch has 
x a of 30 
Central rise of 6 m. The arch carries a distributed ad, wtih aes 4 
uniformly from 40 kN/m at each abutment to zero of mid span. 
4 / 





Determine 
(a) The horizontal thrust at abutment, 


T Ans, Ry =8 VL (b) Maximum positive bending moment in the arch. 





i 4m ie Ryy 210 KVR 
AB T=8, F=-10, M=0,40 
m BC T=0, F=8, M=0, at C,M=40 a8 c 
Sm ——+ CD T=-8KN, F=0, M=0 
Fig. 6.30 200 — 
Fig. 6.32 


Ex.2 A three-hinged parabolic arch has a span of 125 m and a rise of 25 m. 
It is loaded with a uniformly distributed load of 30 AN/m covering the 
central half span. 

Determine. 
(i) The maximum sagging and hogging moments 
(ii) The thrust, shear and moments at the quarter 
(= =27.6 m from A, M = 4767.5 m, At right quarter span, 
(Ans. M =— 6225.5 kN-m, V= 937.5 kN, F= 41.6 kN, M= 3261 kNsm) 


Ex.3 A three-hinged parabolic arch has a span of 50 m and is supported at 
different levels as shown in the figure. Find bending moment at & 
section 15 m form left support when a 100 kN vertical load is at this 
section. 


side, Mugs 55:55 kim) 


(Ans; H'= 250 kN, at z= 5m from crown on either 


SREY 9 TR ot 
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Serpe abe Sy - 


7 


SUSPENSION CABLE Syste: 
7.1 ELEMENTS oF SUSPENston BRipcE Be 
ispension bridges are used for roadways when the Span exceeds 200 m, 
ty consist of the following elements: ¢ ) Cable ii) Suspenders iii) Decking 


‘ / Vindkes, icak 
Supporting tower vy) Anchorage vi) Windguy and Windties. typi 
esa bridge and its components are shown in Fig. (7.1). 





Fig. 7.1 


load of th ant ffi ied by 
the deck are carried 
i id the traffic load on ri 
a Ps eae, The cables in general pass over towers and 
cables. : 
inchored to a proper foundation. 


s under the 
ir curvature change: 
As the cables are flexible members, their 


nstiffened bridges. 
in the case of unstiffe u 

i is is apparent in : si 

hee a, Fe Sa te ae : : fe a 
kanes & auitoly distributed load to © ? 


below. 
‘nstiffened bridges are shown 









meh : Fig. 7.2 2 
Suspension bridges are often supported on towers. Towers provide means for 
the cables to change the direction. Normally, three types of towers are used in 
» Suspension bridge system. 
ik 
rj) Towers with saddles: Such types of tower are fixed at their bases and 
* supports: the main cables through a “carriage” which is free to roll 
~ =< horizontally on the tower top. The horizontal component of tension in cable 
*~ and tension in backstay must be equal in this case. The tower is required to 
offer resistance only to the vertical components of the cable pulls. 


Tr ul 


Fig. 7.3 
ii) with pulleys at top: Such type of towers act like vertical cantilevers 
and offer some resistance to cable movement. The towers are subjected to 
horizontal and vertical forces. 


L T 
H 


Fig. 7.4 





Sa arene ee i 





ii n : Such = mes 

§ eee oe which are securely stacker 3 © Rc inhe plan of : 
eeulation atom, Persil ae bending eS es — 
the cables. *9 Pending mona ang Smee 


‘Suspension bridges are necessary to Protected Gia : comed 
5 be i 
by wind. The lateral subiliy ofthe bridge is ts wan apy a si 
arrangement. A standard form of windguy arangement i sican' 
figure. t essentially consists of the bridge with a cable i the recy les é 
with parabolic shape. Seles 

p 3 





Fig. 7.5 
In general the windguy arrangement is placed below the walkway, as this will 
contribute most to the serviceability of the bridge. The connection between 
the windguy cable and the walkway of the bridge is made by other cables, 
which are called windties. 
cable forms a three dimensional curve. However, for 


Practically, the windguy ; : f 
ihe analyce purpose asumed tat itis of parabolic fom plan and sie 
elevation. 

7.2 CABLES ae ofa suspension bs 


“7-55 mentioned eatlier, when a cable is loaded 











Funnicular Polygon 
Fig. 7.6 








7.3 EQuaTION OF A CABLE 
with uniformly distributed load 
if the cable takes the shape of a parabola. Equations of 


to determine 
for cable follows as illustrated below. 





Trrtessecceteentntnetsssesnee (2) 


X_wktin is is the equation for le 
+, a cabl it rT 7 
this equation is similar to th ie maar distributed load on i 


Ha atti {Ti Tit bk 
pS 


a 





‘ow tensions in the cable is obvi 
siiprts Mada is obviously the resultant of the reaction forces at 


T,=/Ri+H? 






x 
Fig. 7.7 
Let, ACB represents a cable loaded with uniformly distributed load of w per 
unit length. : tension forces are shown below 
Applying LF, =0, we get, Hy=Hy=H Ri oy 
EF,=0, R= Re =" (ince load is symmetrical) Ts. wkNim Te 
eo Hh Ha 
ey é 
,=0, Maxxt uls| 5-* —=0 
= ert (5) Be 
1 (we ¢ we we _wl 
or, Hy, (ei) (Substituting By => ) Fig. 78 
atively, the equation of the cable can also be found out xs follows. 
tion of the parabola with 4 as origin is @ 
YH hee (0 =z) sorevvarnsesnennnnerensne ne 
Fae EN 
Itutin, 
This is the equation for horizontal thrust on the cable. Now to find the 8 these in Eq. (73) We 
equation of the cable, consider a section AX’ at a distance x from 4. Since x ene ceatya 
bending moment is equal:to zero at every pointing a cable, 2 7 4 
"ka Me. 


eC 





236. 


I TE ear ot ee oe, eee ae 


S—- % Nowr substituting the value of 2° in Eq. (7.3). we get. 
pet se-o (Same as above) 
a 





M, =R,z—W,(z—0,)—¥,(2—0,)~ Hy 
Since the cable is flexible, M, = 0 
Hy =R,2-W;(z—a,)—W,(z- 42) ; 
¢ 


:. Hy=M,_. (Simply supported beam moment)........-- 
Using the above equation, a loaded cable can be analyzed. 
7.5 CABLE SUBJECTED TO CONCENTRATED LOADS 

(ae Pa 





Fig. 7.10 
i a hort: £ subj to the 
concentrated loads as shown in Fig. (7.10). Let Ry and Rg be the ertical and 
ket H (H, =H, =H) be the horizontal reactions at supports. The equilibrium 
condition as given by Eq. (7.4) is 








Sepeesicn Cable Saaont 


anid Mare the bear Ot Sila othe beam 
and yyare gi moments at load poins 12 and3, me saree MM 
yr ate given by. 3, the deflections r,, y, 
Feet, oo, ¥, 
ae ane yet 
If the horizontal thrust is known a ie 
known, the deflections OF position of cable at any one : 
of the cable can be dencranes”* Co Poi canbe computed and sss 


Example # 7.1 A light cable 18 m long is supported at two ends athe same 


level. The supports are 16 m 
ania apart. The cable supports 120 kV divads 
distance into two equal parts. Find the tension in the cab 20 kV dividing the 


HA 89 9 9 at 
T 
Ra es I 
120N 
Fig. 7.41 
Referring to the Fig. (7.11), let y, be the deflection at the centre . By 
symmetry, 


1, =ncow 


Teaction. Then, 
For equilibrium of point C’, 
Hy: =Me (But y,=V9 -# =4.13) 
480 
=——-=116.42 N. 
ao Ai aas 


aT 

'S RN and 30 AN at «sto ane the horizontal component 
‘nder 30 AN load is 1. *- of the cable. f 
the cable Algo calculate vtal lenet 3 2 


( 


Seepemsoue Cane Seige 





Sel, to onder t find the horizontal component of tension in cable, apply the 
enamal cable theorem at point 2. 


Hip, =M, (Beam moment at D) 

on, poe Bert 

ye 3 

Ry is cctormined by taking moment about 4. 

oe, LM, =0=R, x12-30x3-1Sx4 
on, &, =25 

‘Substinaing this in the above expression for 1, we get, 
S34 nee orey 


Again we have, 
Rye eM ax 





Now, Length of cable = V4? +1.2? +/4?+0.5-1.2)° VP as 


=1246™ Ans 


Example # 7.3 A cable is used to support six equal and equidistant loads over 
a span of 49 m, The central dip of the cable is 5 m and loads are 2 tons each. 
Find the length of the cable required and its sectional area if the safe tensile 
stress is 1.574 yom? 





240 


ee 


symmetry, 3 Peak 
Fig. (7.13). Se a iret pos a be wa 
et 
Also, R= 8, 2g melee 


2 
We have, beam 
moment M) = M, = Ry x7 
My = My RX 18-207 ane eyes 
My = My = Ryx 21-2 x 14-347 a 
=6X21-2e14-2n 7084 


Ry =M, = 84 

or, nS nrgs 

Again, Hy = ah =42 
42 

or yy eels 


20 


CU iat rated 


Now, 


Length of cable = 2(4C + OD + DE) +7 





Tension in the cable = fre +H 


T= Vo? +168? #1784 
rea 2 2 = 1784.11.33 om? Ans 
: ate 
‘ample # 74 A suspension cabs pare 0 
ve meter above B, The distance ABis equal (0° a] EET 
ead of 2 2X4 AN, 52 ad 3 EVA 0S eu ie fe 
tay : Find to tevel atl. Fi 
Neher bpessenioens of first load is 1m with respect 
SO the length af the cable. 


Mt 








Fig. 7.14 
sa. se ee ete ee 





Dk =0, Hy =H = 
Rat Ry =24+44345= stoi 
TM, =0, Hyxt-Ryx4 =0 
«< HH4 Ry (Hy SHY crscennesrcestereen 
Za, =0, fer PENS -3x 16-5 
20 Rg + H =148 ...- = 


Substituting the value of H in Eq. eae aes 
PTT pets Bp PAB eens cases cenenvhanedtasestemnesaeelV) 
Rat Rp = 14 


Solving (v) and (i), we get 
16 Rp = 148-14 x4 
or, Rg =S.7S EN 


Substituting the value of Rg in Eq. (i), we get, 
Ry = 14-5.75 =8.25 kN 

Substituting the value of Rg in Eq. (iv), H = 148 - 20 x 5.75 =33 kN 

Since R,> Rg maximum tension in the cable will occur at A and its value is 


~ given by 
= ¥8.25? +33? =34.02 kN. 
IMp =9 
or, Hxy,+2x4-R,x8=0 
or, 33x ¥,+8-825x8=0 
or, yp =176 m 
IM; =0 
Hyg+2 x 8+4x4-2yx 12 =0 
oF, ye =2.03 
ror =0 


Hyp+ 2 12+4x8+5x4—Ryx 16 =0 
BB ypt 24 +32+20-B.25 x 16 =0 
, Rahm 


gS 


Now, the lengths of the different 
Portions 
1 ACES od 1230, nee 






4? + (2.03-1.76)? =4.01m, 
4? +.(2.03-1.76)" =4.0im, 


47 +(.7-1? =4.06m, 
Total length of the cable =AC+ CD+ DE+ EF + 5B 
= 4,123 + 4.07 +4.01 + 4.01 + 4.06 =20.273 m Aga, 


Example # 7.5 A cable has to be suspended between tvo iad saab 

its. 
central dip:is 1/15 th ofthe span. Ifthe cable of uniform cos pci and 
its ‘unit weight is 7938 sym’, calculate the length of the cable; Safe 
permissible tensile stress in the material is 1.26 yan" 





Fig. 7.15 





Given, 
Density of the cable = Bits 
Safe permissible stress = 1.2¢ fou? 
Lew be the load per unit bcantl span ofthe ale es 
wt 
' By = =O Sut 
2 
er 
8y. axe 


oh gut 
a ee afi fC OT 


: Teo 


eianencimennerem fi) 


: a wings 
Ara 
faLemath of cable 


1.94 _ 5 96% 1000%100% 100 ~———-" 


or, . == 








Suspension Cable System 


1.946 793805 _ 1600000 
a t 
or, S= 818.19 m Ans, 
Example # 7.6 A foot bridge of width 3 m and span 50 m is carried by two 
cables of uniform section having a central dip of 5 m, If the platform load is $ 


&N/m?, calculate the maximum pull in the cables. Find the necessary sectional 
‘area required for the cables if the allowable stress is 120 N/mm? 








Sol, The cable is shown in Fig, (7.16) 
wkNim 





€=50m 
Fig, 7.16 


Area of platform =3 x 50 = 150 m? 
Total load of the bridge = 150 x 5 = 750 kN 
Since the load is carried by two cables, 


Load in each cable = =375 kN 


Now, Ry = hy oe ED W875 kN 
2 2 
wat? 18¥50? _ paoay gy 


H=H,=H, =— 
ae” By BS 


The pull at A in the cable 


T,= aT +H} = 187.5? + 468.7 


Similarly Ty = 504.86 kN 
Now, the sectional area of the cable is calculated by the expression 








5? = 504.86 kN 





ee, 
camps a. f ‘Seapeacon Cte Sete ae 
cables of uniform 1 oC Wid 3 mand span 60 eae ; 
N/m’, calulate the manta £0 ip of $m tke pesirne by toro 
Me eel dpi each cable ita gmc ca 8 0 hs oad. What wit 


to total platform Joad Single concentrated cad 
fi a8 above of amount 
having bridge? Neglect seif-w iat the centre of each cable nee 





Sol". 
Span t=60m f 
Central dip y, =5 m a7 
Width of footbridge = 3 m 4 
we 


Platform load =4 kN/m? 
Total uniformly distributed load carried by each cable 


we 2S Am =6 Atm 
Let, Ry = Vertical reaction at A, Ry = Vertical reaction at B 
#H =Horizontal thrust. 
¢_, 60 
R, = 26x = 180 AV 
AP ag setae 
oct 
Now, Mc =Ry x5 W5%] 
=180%30-6% 2x2 
= 5400-2700 
= 2700 IN-m 


Me _ 2700 . 540 kv 


Now, horizontal thrust = TE. mae 


*: Max. Pull 








i 
i 
| 


‘Suspemmon Cable System 


Again, the single concentrated load equivalent to uniformly distributed load 
‘on each cable is a 
=6 AN / mx 60 m = 360 KN 


Now, length of the cable 
2 2 
E7828 20s ona sitin 
gr & 3 60 
Since the length of the cable is same when an equal amount of point load acts 
at the center, ‘ 
AR—— Wa ——y 8 
n ne 
Re ie i Ls 
360 kN 
Fig. 7,18 


“A $=2x (G0? +ye) 


or, 30.55? =30? +2 
or, ye =5.79 m Ans, 


Example # 7.8 A cable of span 120 m and dip 10 m carries a load of 6 kN/m 
along the horizontal span. Find the maximum tension in the cable at the 
support. Also, find the forces transmitted to the supporting pier if the cable 
“passes over smooth pulleys on top of the pier. The anchor cable is at 30” to 
the horizontal. Determine the maximum bending moment for the pier if the 
height of the pier is 15 m. 





Fig. 7.19 


sot”. Referring to Fig. (7.19 


Due to symmetry, 
R= Ry ai, 6x120 


2 





~a) 


8360 


Tne = VBE = 5607s p00 


= 1138.42 AN Ags, 


cosp= 


T, 


1138.42 


6 = 18.435" Ans, 


Referring to Fig. (7.19 - b), horizontal force transferred to pier 
= Tax (COS 8 — COS) 


= Tay (008 18,435° ~ cos 30°) 


=1138,42(cos! 


8.435° - cos30") 


= 94,099 kN Ans, 


Max. bending moment in the pier 


=Hh, 
= 94,099 x 15 


= 1411.49 kN-m Ans, 


Vertical force on the pier 
= Trax (sin® + sin ) 


= 1138.42 (sin! 


435° + sin30") 


= 929.21 kV Ans 


ble of weight w per unit length connects 


Example # 7.9 A uniform flexible cal teat ove. bt diferene® bawreen 


two points, which are at the 
maximum and minitn' 


Sol", 


sane 


umn tension of a cable is wy 


Let the tension in cable is 7: Then, 


Teos0= H 
T= Hsecd=H 


+ tan? @ 

















$¢ Se 
ete Bes The ferme yids in the ( ESOS 
oe . enay-(3) and We svwation. The peocral eqen, Tate mained by a 
ANE a yk? © parabola wan one Rteatiatiog te ns > 
52s Dem eames of calle with the angina at fet suppert 8 epee ee Wh i oie at ci Beane. 
ay att.) @ ty {@—2:' tS Ree Br eae, Sean 2 
eee, wi == ode) s Set 
et oe, 3 maine ee 0.) we pu " 
“The mamma teasion wall occur atthe oad = 0 katte dy, 
we Ten “ (J e 
Fr. eo le ~~ 
oe Ry =e Proting ty 2 
The Minamam tension in the cate will occur at ceatre, 5 mating (he value of in B3. (7.6) we se, 
iz, wae, Ce ci Pad 
2 NG ree 
“The difference between marameam and patent forston or, =e 
eee = 4 Substituting the value of dite in By. (7:5, 
wt} & ‘ 
Se Reet , 2 ‘ 
sive | =f) (Ss) 3 Gy?) 
a aes a [i e.5 a bid cae 
is ee Wren <1] <xpanding the right band tenn 


‘using Binomial expansion, we get, 


1 

ip ce Bes 1-4] 3 

a&= tot steal aoe 2 
6 LENGTH OF CABLE Pr er 

2) When both the ends of the cables are at same level ‘ 

ki AD OR be the parabolic cable whose length is te be determined. ‘ ing 
es “secting the terms of higher powers of “= LES: 














wo 
Consider somali feagth ds at end 4 of the cable, Fig. (7.20-D), =2f% 142s . 
we wee eo t 
bay eset th 


de Yidey’ + 











“This ic the expression for sinding tho iength of cable wen the suppors are at 
_ tite’ same devel.” : 
‘b) When the ends of the cables are at different level. i 

7 NS, = 





eel emma ae 


‘— 
Fig. 7.21 
Consider a cable ACB supported at different levels 


—— 


Aand B and Cis the lowest. 


and B' as shown by the dotted lines such that 


The point C is extended to 4’ 
and BY are 


AC= AC and CB = CB". By the extension of the curves, level of 4’ 
same as of A and B respectively. Now as seen in the Fig. (7.21), we have two 


cables ACA' with the dip y, and BCB' with the dip of yp 














Now, we have 

0 +0, Sb secs 
Considering AA 

pvt gil wth 

By. By en 
Considering BB" 
vO Fwd 

i Gober vem rn (7.9) 
Equating the Eq. (7.8) and (7.9), 

Hon 

gon : 

é 

ste 2 Pe ema (a1) 





4 va 
Now, from previous theorem, 
2 2 
Length of the cable ACA'=5, =2¢, BY Ly Ae 
32k; 36, 
Lea 4y3 
Length of the cable B'CB'=3, =2¢, +-22=2¢, pear 
326, 3t 
S, +5 





- The actual-length of the cable S= ; 


250 





= fan “Sih fu etet} 





3é, 
yi 2 
este Wi 
i 7] 
But ¢,+¢,=¢ - 
5 dy? ay? Es 
alee, 2y; 
3) 34, 


This is the expression for 
the length of 

he tsa Wa ae i 

pectively. However, one can deri vaply taking 

: ve the following 


expression, to be used di : 
uniformly distributed load of” OME PBL. Let ecb cari 


upported at different levels, 





but, Hat 
2y, 
f=, Be(710) 
1 a 
= leieants ehpeeieg) vhatee 
wy few 
=e 32 ts SP +t) 
aM pet, 
2e 
Ly =0, Ry +h, eve 
or, Ry swe we, =w(e-41) 2 
Blt +6, - Gee a os 
hs forthe reactions My and a ne ay se i aSiel 
Mrectly 
Ry=ut, and Byte : 
5 and length of 4 coterary 
mple # 7.10 Derive al expression: for shape an0 ay 
le under its self weight: : 














co "att. When cable in suspended ffom two suppor, it takes shaps of SISA 
; oar trecight. Consider a cable suspended from two supports. Let w be 


- «sett: weight of cable per unit length. 





Fig. 7.22 
Let #rbe the tension in cable at the lowest point and 7 be tension in cable a 
caaey potion TT. Let 6 be the slope of cable at the section. Considering 
equilibrium of right portion of the cable 
H=Toos® @ 
wS=Tsin®-..-.----0-- Niece () 
where Sis the length of cable between lowest point and at section X 
From (i), 
ree 
cos8 
Substituting this in Eq. (ti), we get, 
(ii) 


ef ve 
or, #5 = 955 O ....n---neoneenceneoeeenencennrssnenseeter 
cos 


We have, 5 = [de= fi(ey« do feet dy? 


Substinuting this in Eq, (ii), we eet, 


« the} - Hind 


= 
But, tanO=— 





ao. i 1(S)« = a& 
Differentiating both sides with respect t0 =, 


oe 


dy 
Put 0 a Pe 
“-2 
* Vise 4a & 
wide 
eS 
Vise? v7] 
Integrating both sides 
fee." 
Tee a 
loge (0+ Vise?) - 
H 


°e e+ Vi4e? ae = 
or, v1+@?=e #9 
2 
| 
= 


2 = 
or, 1+0?=e *+9?-2@ 7 


— 
# 
= 
we 


or, 1vea[« 





ev Tt toad at 























=Vis00 sre 
= 240117 By 
Again, length o By? a 
8 feable s=¢4 Bre 
3 
- = 200 48% 40" 
‘This represents the equation of catenary aoe 
Length of cable, e =221.33 m Ags 
S= fa= foe Example # 7.12 A steel cable, of uniform 
HY. parabola between same levels. Find the maximum har qe it fom of 
=f io) a of cable if the central dpi 1/12 ofthe span andthe eo pan lah 
to exceed 122 MPa. Take density ofthe steel as 78 kN/m? enon 
Sol". Given that, 
uae Density of the steel = 78 kN/m* 
= —de 
[loos H Let £=span of parabola in m. 
Hw a at 
=—sink —+C -Central dip =— 
eH PD 
At r=0,5=0, .C=0 S= length of cable 
s= Asian = By? 
ad Using relation Sats ye 
Example # 7.11 A cable is stretched across a gap of 200 m and supports a 
uniformly distributed load of 15 kN/m horizontally. If the central dip is 1/5 th ae. 8(0/12)" _ 55t 
of the span, determine the maximum tension in the cable and the length of the 3¢ 34 
cable if the supports are at the same level. 
Sol". Here, £=200 m We know that total weight of the cable, 
w=1SkNim we aS x78x100 (a= Sectional area of cable) 
‘Central dip y, = 1/5200 1007 
i =40m a _ 55t i t 
=. 27° x 7800 =0.794ax 
As the two supports are at the same level, R- 70000 * 34 = 
p, = = 19%208 _ 1500 ew gain we know, 
ie % e wi? et (:F=0O 
Ry = 2 =1500 ev 8xy, ax 
Again, using relation 
wf? _ 15200" _ we 
Ha wo = AS =1875 iN = : 
Bye 8x40 : 2 ot _¥ 
also know that vertical reaction R=" 2 








“pnd the maximam.tension in cable Tay eVR+H? 


*) 21584 


2 





But, Tax © OX 
1.$8H =1200xa 
or, — 1.58Hx0,79al #1200xe 
2955.5 m 
So the length of the cable, 
55¢ 


$07 7973.19m Ans 


Example # 7.13 A cable is suspended and loaded as shown in Fig. (7.23). 
(a) Compute the length of the cable, 
(b) Compute the horizontal component of tension 1 in cable, 
(c) Determine the magnitude and position of maximum tension in the 
cable, 


A 7.5 kN/m 








[———— 2 mn 
Fig, 7,23 

Sal", 
We have, 

fe flew JO a2 

4, Vr VS 
of, 4, =2t, 
But, ¢, +0, 24 


ot, 20, 40,24 , 


€,=8, and ¢, #16 





() Total length = 
dy? 2 
sate ye ay, 2x6? 


a 
3,” 3e, 2xi8 


Tt 





= 25,69 Au, 


(b) Horizontal Tension, Hf = wl? 15x16? 
2x6 160 KW. 


(Alternatively, 1 =” 
2. Ditdnk +n May be used.) 


(c) Ry = we, =7.5%16=120KN. (Alternativel 
. ly LMy=0 
Ny swt, =7,5x%8=60 kN <R, pila pie 


, Maximum Tension occurs at support 4 and is given by 


Ta = VR? +H? = 20" +160" 
= 200 kN Ang, 


Example # 7.14 A light flexible cable shown below hangs between two 
points, which are separated horizontally by a distance /. The cable carries a 
uniformly distributed load, w per unit horizontal length over entire span. ff 
the dip of the lowest point of the cable is y, and y, from left and right 
show that the horizontal component of tension in the 





he whole the load and there w! 
 ginder transfers unsymmetsical 





Bee 


Sol", Let ¢; and ¢, be the distance for the lowest point of the cable from left 





and right support respectively. Then, 
At the i i i a0 
seat sires point of the cable, tension in the cable is H. Taking moment 
wi? 
2 
and Hxy, “2 sascnesedeeteseseaensescseeqeceecenertesereesersesetaneceeseces (Hl) 
Eliminating H from Eq. (ii) and (iii) 
fon 


é, Vr 
Solving for €, from Eq. (i) and (iv) 
fe ck Lalo ete aah 
Substituting the value of £, (v) in Eq. (ii) 
wo? 


"Tin inl 











Suspension bridge with three 
hinged stiffening girder 
“Fig. 7.25 
‘As there will be no distortion in the pavement-due to the stiffening girder, the 
load, When the 


in its parabolic shape under the application of | 
fridge is loaded with uniformly distributed load, the cable directly takes 
il) be no effect on the stiffening girder. But the 
loads as a uniformly distributed load through 


suspenders. So, a re Reales 
forces. the stiffening girder Subjected — 
Wo bediing 
‘omen 
a ae ANT SEIN THREE-Hince g aes 
: & suspension bridge TIFFENING Ginpeg, 





Fig. 7.26 


from A 





Taking moment about 4, Ry “7 


and RB, = me 2) 











> date AL eI eS ae 


Consider the equilibrium of right portion of the bridge and taking moment 
about C, we have 


wiso =o “xk eny HO. +¥)=0 
on, veetiyy =Hy—Myind, «He 
2 2y, 
My, = Rigr— WF (2 — a) — Hy.nsssevescereereseee entrees trict (7.11) 


= M beam - Hy 
(--Re- W(e-2) =Simply supported beam moment] 


We can also arrive at the above result by considering the girder system cut by 
a section as shown in Fig. (7.29) also. 


Once the structure is cut at the middle of the suspenders, we will be able to 
see two' independent structural portions. The upper part is the cable structure 
loaded with uniformly distributed load (as a result of #). The lower part is the 
beam system loaded with an upward uniformly distributed load and the 
external load Was shown below. 

t we 


ne 


a. 
Ry as 








Fig. 7.29 


Obviously, the lower system is not in equilibrium due to the eccentric system 
of loading. The lower beam can now be considered as comprised of two 
beams with two types of loading: W system of loading and w, fudl}. Let us 
separate them and add the reactions as required for equilibrium. . 





Moment at ris 


ae (thew 5] Pe 
<2 e 8 
we 


= te wt 
pm sel ary 


= Myon — Hy 


Fig. 7.30 ry 


eet 
(t-2)= Hy as shown below 
2 
We know, H =e and y= 2% 
8y, Tg ((-2) 
_ wel? 4y.z 
m sy. 











(4-2) 


wt 
cepa at | 
2 si 


Pastnted diagram for the girder will be the superimposition of BM 
ee due to beam moment and due to Hy,. Value of H for a particular 
& ing is constant atid hence for Hy, the diagram will be a parabola. The 
iagram for the Hy, is obtained by taking the parabolic shape of cable with 
‘very ordinate multiplied by H which is as shown below 


BM dagram 

k Fig. 731 
“nilarly for shear force at x, 
=k hea 


Frc —He-2) 


u 


Fe ea 0 Ee ne ORE egg 





Superson Cb Sys 


Let w, be the load on the cable due to the Point load of EN. then, 


EM. =0, OF, Ry x50+u ab 
a2 


OF, SOR, +1250, <0 ., 





100? 














2" 3 
Raraaiy e =M, =0, p 
a = t%(¢-22) and Hae : at és hai te 
Paka re OF, 100Ry +5000», = 109 
F : 
aioe Be-29 or, SOR, +125, =0 ..,,. ahs 
8h Solving equation (i) and (ii), we get 
ae (¢-22) 2500w, = 100 
2 
: 100 
bridge W, = 
i ain cable of suspension (3 
Example # 7.15 Calculate the a Seana 25 m from the left support ! ce 
at he span of the bridge is 15g N/m Aus. 









Example # 7.16 A three hinged s ing girder of @ suspension bridge of 
span 100 m is subjected to two point loads of 200 kN and 300 kN at the 
distances of 25 m and 50 m from the left end. Find the shear force and 
bending moment for the girder at a distance 30 m from the left end, The 
Supporting cable has a central dip of 10 m. Find also the maximum tension 


and its slope in the cable. 
Sol”. Let 4’ C’ B' be the beam girder where two point loads 200 kN and 300 kN 
are applied. The suspenders of the bridge extents an upward uniformly 
distributed load of w, per unit horizontal length as shown. Now we can see the 
Birder which is supported at 4’ and B' on by upward uniformly distributed 
'oad and downward point loads as shown in Fig. (7.34). ; 

w,t Re wt 





263 
262 








Let &',and R)yate the required reactions to be produced to keep the girder in 
vertical equilibrium due to the system of loading. 
Now, take moment about A, IM, =90, 

2 
R, x100+w, x 1 = 300x504 200 25 
(i) 





100 By +5000 w, = 20000 


Of, 
EM, =0, 
50? 
a, x50+w, 2-=0 
of, 50 Rg +1250 17, =O csseseeeeusssceetnnscteee 





100 Ry +5000 w, = 20000 
Solving (i) and (ii), we get, w, =8 N/m 
Substituting the value of w, in equation (i), we get 

20000-40000 __a99 aw (4) 





Rg= 


Again, we have 5 Fy =9, 
Ri, +B), +w, x100- 200-300=0 
or, R., = 500—8%100 + 200 = 100,4N (4) 
Now, shear force at 30 m from left can be determined from the section shown 


below. 
Unbalanced vertical force =-100-200+8x30 w= 8kNim © 
= -300+240=-60 AV 
SI. at the section = +60 (4) Ans, nm 
30° 
BAM. =100x 30+ 200 5-8x—— F 
2 Ry =-100 200 KN 
= 400 kN - m (hogging) 
i Ans Fig. 7.35 


The horizontal reaction H of the point 4 in the cable can be found out from 


the free body diagram of. the upper portion in Fig. (7.34). Since the 
uniformly distributed load of w, is applied in the cable, from previous 


.. formula, 
wet 8x10e 


fas 
“hy, Bxl0 leet 


and fy ean bY 


“Now, the ovaxirmum tension 


MA. 















=¥400? + 10097 
=1077.03 AN Ans, 


Slope to the horizontal j 

tal is give 

Trax C08 0= Hf Bsr hy 
-1_1000 


Torzo3 ~ 28” Ans, 


Example # 7.17 A three hi 

i ; inged stiffened girder 
pe by A is subjected to three point rs ER Sop and 
te cia se tp 
a ip of 40 m. Draw the Bf. diagram for the 


‘Suspension bridge of 





\ Let us cur the structure at the center of the suspenders and draw free 


400? 
Ry 400 +, A= 400%300~- $0046 -300% 70-9 


Or, 400 Ry + 80000 w, = 221000 .ysnrscesrinrr 


or, 





*Gacpension Cable System. 








Similarly, £M,=90 





or, 200% Rg +, x72—— 400%100=0 
or, 200 Ry + 20000 w, = 40000 2. .--ees esse eeeee ee rcce ene eeeceees 
Solving (i) and (ii) we get, 


w, =3.525 KNim 

Substituting the value of w, in Eq. (i) gives . 

221000 - 80000 3.525 __159 spy 
400 

LFy =0 gives, 

B+ Ry +, x 400=1200 -......----- 





Ry= 


Substinsting the value of R, and w, in Eq. (ii) we get, 
R, =-57-5 KN ; 
Now, moment at section of 70 m distance from 4° is, 


x70+0, > 


My=8, 


70" 4 
eee 1.25 kN- 
: Myg = 57-5 70+ 3.525% 3 4611.25 m 


- 160° Ag 
Wig, = (STS x 160 + 3.525% — 300 90=8920 kN —m 
1 


2 











Msq0 =~57:5300 + 3,595, 300? 


Le 
=2375kV—m 2300230 — 5005149 
ye? 3s Bi 
H = Me& _ 3525x4092 
By. -Bx4g 717625 ‘ 
4 
ye TEs) 
The diagram for Hy is ie 


nd itis shown in Fig. 7.38) AZ 
he values of product of H and y i.e, 
1¢ points On parabola may also be determined if wished to 





fm. Determine the reaction and i, 
joment diagram. draw the bending 
4 B 
10m 
30 kNim 
A B" 
'’#—————__ 100m ————_-1 
Fig. 7.39 


I". Let us cut the structure at the center of the suspenders and draw. the 
i t 


tee diagram. i - ef 





* 


30 kN 








Pees <0 SONS oe) TIS $B, oe see (DD 
Wee 
so° 30° 
Taking moment about”, Ry x S0— 30x S—— + —- +0 


we, By = TM Be, ] éoveyiowees CLA) 
Solving Equaron. @aniid v, as AN! a ind. 

R, a 112S—SOx1S# 37S AV (upward) 

Ry = ~28x15 =-375 AV (downward) 
Let the maximum bending moment oocur in AC’ at a distance x from A. 


The bonding moment, M, =37Se-GO-15) x 


For maximum value of M, Se ny7s-15e-0 
oO rahe 

as? 
M,o.t+) = 373 x 25-15 x — = 4687.5 RN m 


Let the maxinnun negative bending moment occurs in the portion CB’ ata 
distance » from BY 


The beading moment, 





Fig. 7.4 


Example #719 The stiffening girder of a suspetision bridge of span 120 m 
‘beas hinges at the ends and at ovd-span. The cable ts suspended between nwo 
poists. separated Borizosmlly by 120 = and vertically by 10 = as shown int 
Fe &. 2.ATi The musamiom dip of the cables is 10 o bow the lower suspension 
“ pow. Draw shear force and beading moment diagram for the girder duc w a 


ee 











if 180 AN acting atthe a" 
in the cable Central binge. 4 
Sol". Taking moment about 


o[ 0260-4 we ac 
je, 


maximum tension ii Ss 
480 calcutite 
“the 
R dis 
‘ "he 





aking moment abouté", By x6044, x O29 
or, RY, =-30w, ; 
tving — (0 and (ii), we= 3 GV ‘ee and 
Ry =90-60x3=-90 AV (downward) 
Ry =~ AV (downward) 
Le pweptecearsre se amas from.4. 
*e bending moment Af, =-90x +3 oy 
= ~QelraQ ore 
Mug =~ 90% 30-4 3x ESO AV me 


Cr force ana bercing mouwat dingrnwy Rte pnd oe Shoes in Fi 
% * rane distance oft we pat of he able om ¢ 


“maximum value of M, Dm 





120x230 _ 49.095 


* Wo V0) 
Vertical reaction at A. 
R, = 3 70.294= 210.88 KN 
Horizontal component of cable tension 
pe 32120 nam eew 
Maximum tension in the cable = (210.88? +370.6") = 426.4 kV Ans, 
Shear force and bending moment diagrams are shown below. 


90 90 


Sat a 


90 
‘Shear force diagram 





Bending moment 
Fig. 7.43 


Example # 7.20 A suspension cable with 100 m span and 8 m dip is 
stiffened by a three-hinged girder, The dead load of the girder and deck is 7.5 
N/m. Find Sf and BM. in the girder at a section 20 m from left hand hinge 
when a concentrated load of 150 kN is placed at 16 m from the left end, Find 
‘the maximum tension in the cable. 


‘Sel, 
Given 

Span £=100 m 

Central dip y, =8.m 

Dead oad -(w)=75 N/m 
‘Concentrated load (iF')=150 EN 

2 2 
pat TS 71 875.4N 


"Now, due-to D. = 
. panes Pee, LS By 8x8 


“20 





Due to concentrated load W100 by, 


ay 
knowing the value of w on the cable "the value oF Han be bind by “ 


Taking moment about the section 20. m from left support 
My =e 20 COP : 
2 cep mak AS 














or, Bj ae a0 ig 2 
a a) 
1 
Be ee 20 
2 ea 
=w,.1000 = w, 200 
Ay= 
As r=20 m, 
E aya 
y rors) 
2 428%20(199_ 39) 
100° 
=S.12m 
gain, we know w, ee Ax1SORI6 «9.96 ANT 
é 100° 
‘ow from equation (i) 
17 = 800*0.96 _ 150 py 
SA2 
0.96% 100 _ 48 ey 





\eain, vertical reaction due to 150 kN load (8. j= 7 
otal horizontal pull due to dead load and concentrated load 
=1171.88 +150 
= 1321.88 KN 
tal vertical reaction Ry =375 + 48 
=423 kN 
nsion force an cable Toye +H 
= Faas? +13921-88" - 
or, T= 1382.91 2N 
ow, consider the girder, 
Qn 





Uniformly distributed dead load does not cause any shear or moment on the 
girder. SF at section X, 
Vv, =-fF, + Han er] 


* 15016. 150% tan, | 
100 J 


= {is0s-i6 «150x018 


=-S2.8 kV 
ay, 
yetit-) 
& ee 
a ae 2x) 


4x8 
tan8, = ——(100 - 2x 20) 
= ASF 100-2520) 


= 0.192 


8. at section ¥, using equation, 
M, = Mex ~ Hy 


‘Where y-is the dip of the cable above the section, 
4M, = 48% 20-150 5.12 


3192 kN-m 
_ 7.9. LD THREE HINGED STIFFENING GIRDERS 
+ (i) U2 for Horizontal thnast 
Let the unit load is ata HA BH 


distance y from 4’ in the three 
shown in the Fig. (7.44). 
Taking moment about C, 


() 
Hy, “Reson =0 


wa 
oH oe 

















The expression for w, can be an 
Considering forces to the tenet oa taking moment about 
; , 


t 
eeté 
‘eS (Bunk, =*) 

kb, we 


e 


Substituting the value of w, in Eq. (7.12), we get 
H 4c 0 z HA 
2, 


C8, 2y, 


When x=0, H=0 
When 2 ale He 

2 ay 
ILD is drawn in Fig. (7.45) 





ii) Influence lines for Bending moment 
As explained in section -7.8, moment at a section of girder is given by. 
M,= Ma Hy 
The relation is valid for a load of unit magnitude also. ILD Of Mau for the 
Section x is known to us. Its ordinate is given by 
bn,= e-) 
The ordinate of LD for Hvis given by 3 


£ dyat-a [agit 
oy eras [eva ate] 





-ni&9) 
e 








UD is thus superimposition of Nrem 8nd Hy xs shown below. 








iti) {10 for shear fore” 

‘As oxplained in section 7.8, 

shear foree at any section of the R 

girder is given by 

F © Fen ~ Hand 
© Fine Ell) 


4x t 
= Frosted) 





. S 7, ‘ 

‘The relation is valid for a load of unit magnitude S18. 1B for the section = 
l i = 

for beam is known to us. Its ordinates are 5 and fé—s)in positive and 


negative sides or the ordinates | at 4 and B. 
For the second term 45 £2, we can obtain a diagram by using various 


values of x, 
When -x=0, SF=0 
-2r 
When reg sro 
‘The diagrams for the two terms are superimposed and the resulting diagram is 
shown below. K A 
H H 





Fig. 7.47 


Example #7.21 A cable of suspenision bridge has a span of 50 m and a dip of 
6m. The cable is stiffened by a girder hinged at the ends and at the mid-span. 


2 






SO Cie Son 


There is a uniform dese : 
20 Nim spread over 1§ oo joe 2 Wm Over the whole span and aie ys 
; length, Deter pan and ative toad 
when the til of live load ison te sini the maximum cable stv 
Sol". Ya al 
Given, 
Span t=30m 
Central dip y=6m 


Uniform dead load =124y 
; e /m (over whole 
Live load =204N /m (Over 15 m length) = 


jzontal reactions H, 
Horizontal tension on the cable due to D.L H, Be 
Horizontal tension on the cable due to LL, H, ane 


F * 
Me is the moment in a simply supported beam at centre 
Bc the 
Riven live load position. ee 
M, =R, x25 
Mb _ 20x15x175 
Now, 2, =e Sl. ; 
1-5 0 105 &¥ 
A My =105x25=2625 kN-m 
Substituting the values, 
2625 
4-7 arse 





Vertical Reaction Ry due to DL. Rig =A EED s00 ev 
Ifequivalent udl on the cable be a, due to live load. 


ay On BES 
=8.4 N/m 
So, vertical reaction due to Ll. 
Rq= Mf Snow 
* Total vertical reaction Ry =®, + 8a 








bs ie a RO EF 


= (300+ 210) kN 
=510 KV 
Total horizontal reaction H.=H, +H 


= (625+ 437.5) kN 
- =1062.5 KN 


‘Maximum tension of the cable 
Tragg = YR +H? 


=¥5107 +1062.5° 
=1178.56 KN 





Example # 7.22 The towers of a 200 m span suspension bridge are of unequal 
heights. One tower is 24 m and the other is 8 m above the lowest point of the 
cable, which is immediately above the inner hinge of a three-hinged 
stiffening girder. Find the maximum tension in the cable due to point load W 
rolling over the bridge. 





w— & Ef, 
+ 2002 ———_» 
Fig, 7.48 
Sof”. 
Let us first locate the position of the lowest point C of the cable. Let it be at 
the distances £,and f, from end 4 and B respectively. 





Then, 
t t 
fee *y 6 (ytd? 
#, \8 aby ee 

i Den 
4 
© We know that 
2 by + Ey = 200 


Oe ; +1734, = 200 


or, ~ 4, = 200 _ 
- 273 Bm 
; Sprite ewe dis oy. 
mating this value in Eq. {i) abo 
f= 200~¢, eet 
= (200-732) m 
=126.8m 


Takin: 
'g Moment about Cofall forces to the right of ¢ 


M.= 4, “Hy-Hd S)9 
2 |= 


The last term i 
levels, a 





Above eauaton is due tothe towers being a 


«see £)) 
2M, =—2 
‘ t : ~ tis, 2) og 





t 


~Hx8-Hx16x 2 _9 


or, Wx732x1268 
200 200 > 


or, 46.41W -13.856 H=0 
46.41W 
13.856 
=335 
Again, we know 





or, H= 


po: 
2y, 
pie 
Gq 
Pe 2x3.35F x8 
(73.2P 
=0.01" 
Vertical reaction at end A of the cable is obtained by taking moment about C. 


126.8° r=0 - 








R, x126.8—H x 24-0.01x 


2 
126.8° 
2 








aVReH? 
. J 1268W) + (3.35WP 


=3.58W 
Example # 7.23 A three hinged symmetrical stiffening girder of a suspension 
bridge of 100 m span is subjected to the two points loads of 100 AN each 
placed.at 20 m and 40 m respectively from the left hand hinge. Determine the 
maximum tension in the cable which has the central dip of 10 m. Determine 
the length of the cable and also B.M. and S.F. in the girder at the section 30 m 
from left end. [T.U.2059 Shrawan] 


r 


mar 





40m —») C 
—— 100m -— 


— 





Sol", Fig. 7.49 
Now, to find out the support reaction. 
Raq * 100 =100 x 20 + 100x 40 
Ry, =60 kN 
since, R,+Ry=100+100 kv 
R, = (200-60) kN 
= 140 KN 
To get horizontal thrust 
Take moment about C, 
My = Ry x50 
=160x 50 
= 3000 kN-m 
‘Using relation 
Awe 
Ye 


. Maximum Tension 


) 
_5.M. at 30 m due to external loading 


Tou ® fi 8 
"33106-4N 
Again length of the cabje 
$y} 


wl +a. 8x10? 
¥ Nts 10267 m 


SE and 2M, moment 


To find out shear force at 30 m, 
=F, +H tang 
Now, yu Abe (tz) 


Differentiating, se = ey =2s), 


or, z=30, 


y 4x10x (100-230) 
Fad a 1-230) 1g 


“P= F. + Hand 
= (140-100)+ 3000.16 
=40+48 
=88 kN 
B.M. at the 30 m from left hand support 
4 
9-2 (¢~2) 
or, z=30m, y, =10 mand (=100 m 
a0 - 30) 
=84m 


Now, 


y= 


=A, *30-100x10 
=140«30-100%10 
= 3200 kN-m 


|B.M, at 30 m due to horizontal thrust 


= 300%8.4 

= 2520 kN-m 

BM.at the 30 m 

= (3200 ~ 2520) kNv-m 
= 680 kN-m Ag 








jg suspension Cable System 


Ex. | 


Ex.3 






See Topeee 
A suspension cable is supported at two points 20 m apart. The left ois 
support is 2 mabove the right suppor. The cable is loaded with i 
uniformly distributed load of 10 KN /mthroughout the span. The 
maximum dip in the cable from left support level is 4m. Find the 
SPACE TRUssEs 


8.1 INTRODUCTION 
A space truss is 
spat aS One Whose members do not all fe in the ‘same plane. When 


several members are joined the 
dimensional configuration, pie a btie i extent to form @ thee 


maximum tension in the cable 
(Ans; 208 kN) 


A ‘suspension cable of uniform section, is hung in the form of a 
parabola. Find the maximum horizontal span, if the central dip is 
1/12" of the span and the stress in cable is not to exceed 


1200 kg /em?. Take density of stee! =7800 kg/m” An elementary two-dimensional truss consists of three 
members joined at 


_ their extremities to form the sides of a tri members 

Ne : triangle. By adding 

time to this configuration and connecting nt tpn late i poms 4 
obtain a larger two dimensiotial truss. Similarly, the most phobataas ae 
space truss consists of 6 members joined at their extremities to lis 
edges of a tetrahedron ABCD. By adding three members at a time to this basic 
configuration such as AE, BE and CE, attaching them to three existing joints 
and connecting them at a new joint, we can obtain a larger and rigid structure 
which is called a simple space truss. 

c 


(Ans: 955.5 cm) 


A suspension bridge with three hinged stiffening girder has span of | 
100 m and central dip of 10 m. The self-weight of bridge carried by 
‘one set of cables is 15 kN. The bridge is to be designed to carry a live 
load of 30 kN/m to be equally divided between set of two cables. The 
working stress is 15 kN/cm? for cables and 120 kNjem? for girder. Find 
(a) cross sectional area of one set of suspension cables and (6) 
necessary section modulus of the stiffening girder. 

(Ans; 269.24 cm, 3,538 cm?) 





A cable of uniform thickness hangs between two points 120 m apart, 
with one end 3 m above the other. The cable is loaded with uniformly 
distributed load of 100 kN/m and the sag of the cable, measured 


a 
‘ 
1 





from the higher end, is 5 m. Find the horizontal thrust and | as i 
maximum tension in the cable. Cat 
(Ans: 54025 kN, 54500 kN) B 
A cable is Se ea fe pein a and B, 100 m apart Fig. 8.1 i 
orizontally, en fing 5 m lower than the end A. It supports a As <t ae 
uniform load of w per unit horizontal length. Determine The Polgion between number of joints () and members (m) is piven 
j=mtr. F 
components. When this relation 


a) The position of lowest point, if cable has a sig of 4,5 m below the Wh : 
ere r =numbers of independent reaction 
is used, supports are not counted ‘as joints. ‘There ae generally three types of 
upports used in space trusses as shown in figure below. It carl also be not 
t if 3/>m+r the structure js statically unstable and of 3j<m+r the 
‘structure is statically indeterminate. 


support B. 

b) The length of the cable. 
¢) The horizontal tension and maximum tension at the two ends of 
the.cable, § 
(40.77 m from lower end, 5= 101.35 m, 
H = 184.6 w,, Ty =193.9 we ,Ta=189 w, ) 





Exaniple # 8.1 Determine the reactions and bar forces for the space truss 
gives below. 





Fig. 85 


Taking moment about the line ac which is the axis passing through two 
sapports a and c. 

LM, =0 about ac, ic. ,, =0 

EM, =0 about line of action of £., 

Flag % 84157 8=0 oF, RL =-1SKNY 

IF, =0 

Hat Hig* By =9 

BR, =-B,, =15IN 

ZF, 20 or, BR, =15k¥ 


28 


again, EM, =0 About ine of action of bein: 


—R,, x8-15x5=0 oy ~75 
hy == F937] 
ZF, =0 
or, 2, +R, =0 
or, AR, =—R,, =937t 
4s all the reaction forces have been 


computed using method of joint The 
= need to be found out. 


determined oni now tar foray rs 
forces in the three members ic 
ed de end 
Observing the joint d, we see that there i 
by symmetry, Sa" 6 compo foe 5 nd 
F,=-F, 
Again, 
-Fz+15+F, =0 
15 
Fag =F = 15 
Fy =75 
Applying space truss theorem at joint « and c, 
We get, 


Fi=15, Fy =-R,=-18 
At joint a, 
Fa, =-F_, =-15, F,,=0 F_=0 








Space Trusses 
Ex. 8:1 Determine the reactions and bar forces for the space truss shown in 
Fig. 8.6 mr e 1 
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QUESTIONS 


1. A steel section of cross section E!=3.36*10"' Naum is used as si 
¥ as 
supported beam on an effective span of 4m. iA weer oe 
from a height h to the midpoint of the beam. Calculate the value of 
height h in mm so that the maximum stress does not exceed 120 Mpa. 
Also calculate the maxirmm deflection induced to the beam by the 
fall. 


ReeRez Rae Rez 


2. Joints A,B and C are pin jointed. AB is a RCC beam of 250mm 
breadth 500mm depth. BC is of steel, 10mm in diameter, Find the 
vertical deflection at middle of the beam due to bending of the beam 
and axial force of steel member, Take Bo= 1*10° kgjom and 
Es=2*10° kg/em. 





fy = 428kN  Fe= —936KN 
Fg =-4.28KN — Fee= 10.09 kN 
Fg =-5.72KN Fee = 10.09 kN 
Fy = 4.28KN 






4, 


6 


“g) Determine vertical deflection at middle of the beam, 





section 1.5m from the left support. 





A three-hinged circular arch has a span of 80m and a rise of 10m, 
Two vertical loads 2t and 4t, with the smaller load leading, travels 
‘from left to right, Find the maximum positive bending moment at a 
stction 15m from the right support. Also find the radial shear 
corresponding to this maximum bending moment. 


a) Draw SF and BM diagrams for the frame loaded as shown, 


8kWwm 





‘Qevcstions E 


b) Draw influence line for bendin z 
support at D of the girder DE. = MM At. & Section Sir from 





10 
and 80m respectively from the left end. Draw beading moment 
diagram for the girder and also find the location of the point of contra 


flexure in the diagram. 





